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Abstract 



Let C and A be two unital separable amenable simple C*-algebras with tracial rank no 
more than one. Suppose that C satisfies the Universal Coefficient Theorem and suppose that 
(fi, ip% : C — > A are two unital monomorphisms. We show that there is a continuous path of 
unitaries {u t : t £ [0, oo)} of A such that 



lim Uftfi(c)ut = <^2(c) for all c € C 



if and only if [<pi] — [ip2\ in KK(C, A), ip\ = <p\, (<£>i)t = {<f>2)T and a rotation related map 
R(p llV2 associated with tpi and ip2 is zero. 

Applying this result together with a result of W. Winter, we give a classification theorem 
for a class A of unital separable simple amenable C*-algebras which is strictly larger than 
the class of separable C*-algebras whose tracial rank are zero or one. Tensor products of two 
C*-algebras in A are again in A. Moreover, this class is closed under inductive limits and 
contains all unital simple ASH-algebras whose state spaces of Kg is the same as the tracial 
state spaces as well as some unital simple ASH-algebras whose i^o-group is Z and tracial 
state spaces are any metrizable Choquet simplex. One consequence of the main result is that 
all unital simple AH-algebras which are -Z-stable are isomorphic to ones with no dimension 
growth. 

1 Introduction 

C*-algebras are often viewed as non-commutative topological spaces. Indeed, by a classical 
theorem of Gelfand, all unital commutative C*-algebras are isomorphic to C(X), the algebra 
of all continuous functions on some compact Hausdorff space X. We are interested in the non- 
commutative cases, in particular, in the extremal end of non-commutative cases, namely, unital 
simple C*-algebras. As in the commutative case, one studies continuous maps from one space 
to another, here we are interested in the homomorphisms from one unital simple C*-algebra 
to another unital simple C*-algebra. In this paper, we study the problem when two unital 
homomorphisms from one unital simple C*-algebra to another are asymptotically unitarily 
equivalent. To be more precise, let C and A be two unital separable simple C*-algebras and let 
ipi,(f2 '■ C — ► A be two unital homomorphisms. We consider the question when there exists a 
continuous path of unitaries {u(t) : t G [0, 1)} such that 



In this paper, we assume that both A and C have tracial rank no more than one (see 
12.81 below). We prove the following: Suppose that C also satisfies the Universal Coefficient 
Theorem. Then ()e l.ip holds if and only if [ipi] = [^2] in KK[C, A), (p\ = (p^, {<Pi)t = (</>2)t 
and a rotation related map R vltV2 = 0. These conditions are all iv-theory related. Except, 
perhaps, the condition R Vl ^ 2 = 0, all others are obviously necessary. The technical detail of 





these conditions will be discussed later. The result has been established when A is assumed to 
be a unital simple separable C*-algebra with tracial rank zero. In fact, in that case C can be any 
unital AH-algebra. As in the case that A has tracial rank zero, one technical problem involved 
in proving the above mentioned asymptotic unitary equivalence theorem is the so-called Basic 
Homotopy Lemma (see [33] ) . A version of the Basic Homotopy Lemma for the case that A has 
tracial rank one was recently established in [38] which paves the way for this paper. 

As in the commutative case, understanding continuous maps is important, the answer to the 
above mentioned question has many applications. For example, a special version of this was 
used to study the embedding of crossed products into a unital simple AF-algebras (see |34J). 
However, in this paper, we will only give an application to the classification of simple amenable 
C*-algebras. 

In the study of classification of amenable C*-algebras, or otherwise known as the Elliott 
program, two types of results are particularly important: the so-called uniqueness theorem and 
existence theorem. Briefly, the uniqueness theorem usually means a theorem which states that, 
for certain C*-algebras A and B, if two unital monomorphisms from A to B carry the same 
iT-theory (or rather JTiT-theory) related information, then they are approximately unitarily 
equivalent. The existence theorem on the other hand usually states that given certain X-theory 
related maps from the relevant i^-theory information of A to those of B (for example, maps from 
k : K*(A) — * K*(B)), there is indeed a map (often a unital monomorphism) from A to B which 
induces the given map (for example, a homomorphism ip : A — > B such that <p* = k). These 
two types of results play the crucial roles in all classification results in the Elliott program. 

In a recent paper, W. Winter ([50]) demonstrated a new approach to the Elliott program. 
Let A and B be two unital separable amenable C*-algebras which satisfy the UCT and which 
are Z-stable. Suppose that A ® Mp and B ® Mp are isomorphic for any supernatural number p 
and Mp is the UHF-algebra associated with p. W. Winter provided a way to show that A and B 
are actually isomorphic. He also showed how it works for the case that both A®Mp and B®Mp 
have tracial rank zero. In order to have Winter's method to work, in general, one also needs 
a uniqueness as well as an existence theorem. However, one requires an even finer uniqueness 
theorem as well as a finer existence theorem. Instead of approximate unitarily equivalent, the 
uniqueness theorem now requires two unital monomorphisms to be asymptotically unitarily 
equivalent. Thus the above mentioned theorem for asymptotic unitary equivalence serves as the 
required uniqueness theorem. 

The existence theorem is equally important. Let k G KK(C,A) be such that k(Kq(C) + \ 
{0}) C K (A) + \ {0} with k([1 c ]) = [1a]- Let 7 : T(A) T{C) be an affine continuous map. 
We say that 7 and k are compatible if t(k([p])) = 7(t)([p]) for all tracial states r 6 T(A) and 
all projections p G M n (C), n = 1,2, .... Denote by U(C) and U(A) the unitary groups of C and 
A and by CU(C) and CU(A) the closures of the subgroups generated by commutators of U(C) 
and U(A), respectively. A homomorphism a : U(C)/CU(C) — ► U{A)/CU(C) is said to be 
compatible with k if the induced maps from K\(C) into K\(A) determined by a and k|xi(C) are 
the same. One also requires that a, 7 and k are compatible (see 8.1 below). As the first part of 
the existence theorem, we show that given such a triple, there is indeed a unital homomorphism 
ip : C — > A such that ip induces k, a and 7, i.e., [ip] = k, (p* = a and <px = 7- The previous results 
of this kind can be found in L. Li's paper ( [19] with a special case in |12j ) and [23] as well as 
|37j . One should notice that it is relatively easy (or at least known) to find a homomorphism tp 
such that [p] = k in KL(C, A), where k is the image of k in KL{C, A) once the case that K*{C) 
is finitely generated is established (as in [19J). It is quite different to match the i^i^-element 
when -K*(C) is not finitely generated given the fact that lim n KK(C n , A) / KK(lim n C n , A) in 
general. A general method to realize n can be found in [39] which can be traced back to [18]. It 
again involves the Basic Homotopy Lemma among other things. Trace formulas and de la Harp 
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and Scandalis determinants play important roles to match maps 7 and a. 

However, more are required this time for existence theorem. We show that, for any 
A G Hom{K\{C), pa{Kq{A)))), there is a unital homomorphism t/j : (p{C) — > A for which there 
is a sequence of unitaries {u n } C A such that ip(a) = lim^^co adu n (a) for all a G (f(C) and the 
rotation related map Rip tp,tp is induced by A. 

Let A be the class of all unital separable simple amenable C*-algebras A which satisfy the 
UCT such that A (g> M p have tracial rank one or zero for any supernatural number p. Using 
the above mentioned the strategy as well as the so-called uniqueness and existence theorem, we 
show that two C*-algebras A and B in A which are iJ-stable are isomorphic if and only if their 
Elliott invariant are the same. This considerably enlarges the class of unital simple C*-algebras 
that can be classified by their Elliott invariant. Class A contains all unital simple AH-algebras. 
It also contains all unital simple separable amenable C*-algebras with tracial rank one or zero 
which satisfy the UCT and all unital simple separable C*-algebras which are inductive limits of 
type / C*-algebras with the unique tracial states. In particular, it contains the Jiang-Su algebra 
Z. Moreover, it contains those unital simple ASH-algebras A for which T(A) = S^(Kq(A)) 
(the latter is the state space of Kq(A)). It is closed under inductive limits and tensor products. 
As a consequence, it shows that any two unital simple AH-algebras are iJ-stably isomorphic 
if and only if they have the same Elliott invariant. In a subsequent paper ( [40] ) . it will show 
that the class contains all unital simple AD-algebras as well as unital simple ATD-algebras. Let 
(Gq, (Go) + ,u, Gi, S,r) be a six-tuple, where S is any metrizable Choquet simplex, G\ is any 
countable abelian group, (Go, (Gq)+,u) is any weakly unperforated Riesz group with order unit 
u and any pairing r, it will show that there is a unital simple separable amenable C*-algebra 
A G A so that its Elliott invariant is precisely the given six-tuple. In that paper, we will 
also show that there are C*-algebras in A whose /Co-group may not be a Riesz groups ( |40| ) . 
Furthermore, the range of the Elliott invariants of C*-algebras in A will be determined. 

Acknowledgments This work is partially supported by a NSF grant, the Shanghai Priority 
Academic disciplines and Chang-Jiang Professorship from East China Normal University in the 
summer of 2008. 

2 Preliminaries 

2.1. Let A be a stably finite C*-algebra. Denote by T(A) the tracial state space of A and denote 
by Aff(T(A)) the space of all real affine continuous functions on T(A). Suppose r G T(A) is 
a tracial state. We will also use r for the trace r £g> Tr on A = Mk(A) (for every integer 
k > 1), where Tr is the standard trace on 

Define pa '■ K${A) — > Af f(T(A)) to be the positive homomorphism defined by Pa{\p))( t ) = 
r{p) for each projection p in M^A). 

2.2. Let A be a unital C*-algebra. Denote by U(A) the group of unitaries in A and denote by 
Uq(A) the path connected component of U(A) containing the identity. Denote by CU{A) the 
closure of the subgroup of U(A) generated by commutators. It is a normal subgroup of U(A). 
If u e U(A), u will be used for its image in U(A)/CU{A). If x,y G U{A)/CU(A), define 

dist(a;, y) = vaf{\\v*u — 1|| : u = x and v = y}. 

Suppose that K\ (A) = U(A)/Uq(A). We denote by : U (A)/CU{A) -» AS(T(A))/ p A (K (A)) 
the de la Harp and Skandalis determinant (see [5] and [ISj). Let 

d' A (f, 9) = inf{|| / -9-h\\:h€ p A (K (A))} 
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for f,g G Aff(T(A)) (/ and g are images of / and g in Aff(T( J 4))/p J 4(T(^4)), respectively). Define 

H (fa\ = ! 2 iid' A (f,g)>l/2 

Note that d,A(f,g) < 2ird A {f ,g). As in 3.4 of [11], gives an isometric isomorphism (The 
isomorphism follows [45j and the isometric part follows (a slight modification) proof of 3.1 of 

J)- 



2.3. By Aut(A) we mean the group of automorphisms on A. Let u G U{A). We write a,du the 
inner automorphism defined by &du(a) = u*au for all a € A. 

Let C C A be a C*-subalgebra. Denote by Inn(C, A) the set of those monomorphisms 
ip : C — > A such that 93(c) = lim n ^ 00 u* n cu n for some sequence of unitaries {u n } of ^4 and for all 
c G C. 

2.4. Suppose that A and B are two unital C*-algebras and 93 : A —* £> is a homomorphism. 
Then 99 maps C£/(A) to C77(£). Denote by 93* : U(A)/CU{A) -► U(B)/CU{B) the induced 
homomorphism. Suppose that T(A) 7^ and T(B) 7^ 0. Denote by 93^ : T(i?) — > T(^4) the 
continuous affine map defined by 

93 T (r)(a) = T(ip(a)) for all a £ A and r G T(S). 

2.5. Let A be a C*-algebra. Denote by SA = Co((0, 1), A) the suspension of A. 

2.6. A C*-algebra A is an AH-algebra if A = lim n ^ OQ (A n ,ip n ), where each A n has the form 
P n M k ( n }(C(X n ))P n , where X n is a finite CW complex (not necessarily connected) and P n G 
M fc ( n )(C(X n )) is a projection. We use VVi,oo : ^4n — ► ^4 for the induced homomorphism. 

2.7. Denote by M the class of separable amenable C*-algebra which satisfies the Universal 
Coefficient Theorem. 

Definition 2.8. Recall (see Theorem 6.13 of [20J) that a unital simple C*-algebra A is said to 
have tracial rank no more than one (written TR{A) < 1), if for any e > 0, any a G A + \ {0} 
and any finite subset J- C A, there exists a projection p G A and a C*-subalgebra C of A with 
lc = p and C = ®i^iC(Xi,M r u\), where Xi is a connected finite CW complex with dimension 
dimA < 1, such that 

(1) \\px — xp\\ < e for all x G J 7 , 

(2) dist(pxp, C) < e for all x G J 7 , 

(3) 1 — p is von-Neumann equivalent to a projection in a^4a. 

Denote by J, the class of those C*-algebras with the form ©^CQO, 1], M r(i) ) © ©^M^-). 
It was proved (Theorem 7.1 of |2L)j ) that if Ti?(^4) < 1, then in the above definition, we can 
choose C G 1. If furthermore, C can be replaced by finite dimensional C*-subalgebras, then 
TR(A) = 0. If TR(A) < 1 and TR(A) / 0, we write TR(A) = 1. By Theorem 2.5 of [31], if B 
is a unital simple AH-algebra with very slow dimension growth, then TR(B) < 1. 

2.9. Let A and B be two unital C*-algebras and let 93 : A — ► -B be a homomorphism. One can 
extend 93 to a homomorphism from Mfc(yl) to Mk{B) by 93 (8) idjv<f fc . In what follows we will use 
93 again for this extension without further notice. 

2.10. Let A and B be two C*-algebras and let L\, L2 ■ A — > B be a map. Suppose that J 7 C A 
is a subset and e > 0. We write 

Li w e L 2 on J 7 , 

if 

||Li(a) — L2(a)|| < e for all a £ J 7 . 
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2.11. Let A and B be two unital C*-algebras and let L : A — > be a unital contractive 
completely positive linear map. Let V C if(yl) be a finite subset. It is well known that, for 
some small 5 and large finite subset Q C A, if L is also ^-^-multiplicative, then [L]\p is well 
defined. In what follows whenever we write [L]\-p we mean 5 is sufficiently small and Q is 
sufficiently large so that it is well defined (see 2.3 of [30]). 

If u G U(A), we will use (L)(u) for the unitary L(u)\L(u)* L(u)\ . 

For an integer m > 1 and a finite subset C C/(M m ( J 4)), let F C f/(A) be the subgroup 
generated by IA. As in 6.2 of [31 j . there exists a finite subset Q and a small 5 > such that 
a 5-^-multiplicative contractive completely positive linear map L induces a homomorphism 
L* : F -> U(M m (B))/CU(M m (B)). Moreover, we may assume, (L)(n) = L*(u). If there are 
Li,L2 : ^4 — > B and e > is given. Suppose that both L\ and L2 are ^-^-multiplicative and L\ 
and l\ are well defined on F, whenever, we write 

dist(L{(u),Ll(u)) < e 

for all u G U, we also assume that 5 is sufficiently small and Q is sufficiently large so that 

dist(Li)(u),(L 2 )(u)) < e 

for all u £lA. 

Definition 2.12. Let A be a C*-algebra. Following Dadarlat and Loring ([!]), denote 

i=0,l i=0,l fc>2 

Let B be a unital C*-algebra. If furthermore, A is assumed to be separable and satisfy the 
Universal Coefficient Theorem (|44|). by [I], 

Hom A (K(A),K(B)) = KL(A, B). 

Here KL(A, B) = KK(A,B)/Pext(K*(A),K*(B)). (see @] for details). Let k>l be an integer. 
Denote 

F k K(A) = Q^K^AiQKii^Z/kZ). 

n I k 

Suppose that Ki(A) is finitely generated (i = 0,2). It follows from [3] that there is an integer 
k > 1 such that 

Hom A (F k K(A),F k K(B)) = Hom A (K(A), K{B)). (e2.2) 

Definition 2.13. Denote by ifi^A, 5)++ those elements z G if if (A, S) such that z(ifi(A)+ \ 
{0}) C ifi(-B)+ \ {0}. Suppose that both A and B are unital. Denote by KK e (A, B) ++ the set 
of those elements x in KK(A, B) ++ such that z([l^]) = [1b]- 

Definition 2.14. Let A and -B be two unital C*-algebras. Let h : A — > 1? be a homomorphism 
and t> G such that 

h(g)v = vh(g) for all g £ A. 

Thus we obtain a homomorphism fa : A (g> C(S' 1 ) — > -B by fa(/ (8> 5) = h(f)g(v) for f £ A and 
5 G C(S' 1 ). The tensor product induces two injective homomorphisms: 

/3 (0) : if (A) -► C^ 1 )) (e2.3) 

/3« : K X {A) ^ KoiA^CiS 1 )). (e2.4) 
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The second one is the usual Bott map. Note, in this way, one writes 

Ki(A © CiS 1 )) = Ki(A) © ^{Ki.M))- 

We use Ji(0 : K t (A © C(5 1 )) -» (K^A)) for the projection to (3^ (K^A)) . 

For each integer k > 2, one also obtains the following injective homomorphisms: 

: Ki(A,Z/kZ)) K i _i(^©C(5 1 ),Z/A;Z),i = 0,1. (e2.5) 

Thus we write 

ifi_i(i4 ®C(5 1 ), Z/A;Z) = i^_i(A,Z/fcZ)©/^ ) (K i (,4,Z/£;Z)), i = 0, 1. (e2.6) 

Denote by @f : Ki(A®C(S l ),Z/kZ) -» ^ _1) (Ki_i(^,Z/A;Z)) similarly to that of 0(0., » = 1,2. 
If x G we use /3(x) for /3«(x) if s G K^A) and for if a? € Ki(A,Z/kZ). Thus we 

have a map (3 : K(A) Jf(4 © C^S" 1 )) as well as 3 : £(4 <g> C{S 1 )) -»■ /3(i£(A)). Therefore one 
may write K(A © COS 1 )) = if (4) © 

On the other hand h induces homomorphisms h*i.k '■ Ki(A(& C{S l )),'L/k'L) — ► Ki(B, Z/A;Z), 
A; = 0, 2, and i = 0, 1. We use Bott(/i, u) for all homomorphisms Tt*^ o /3^. We write 

Bott(/i,u) = 0, 

if Ki,k o &f = for all A; > 1 and i = 0,1. We will use botti (h, v) for the homomorphism 
h^oopW : Kx{A) -» Ko(-B), andbott (M) for the homomorphism /i ,o°/3 (0) : #o(A) -» 1^(5). 
Since A is unital, if botto(/i,w) = 0, then [v] = in Ki{B). 

In what follows, we will use z for the standard generator of C{S 1 ) and we will often identify 
S* 1 with the unit circle without further explanation. With this identification z is the identity 
map from the circle to the circle. 

2.15. Given a finite subset V C K(A), there exists a finite subset T C A and 5q > such that 

Bott(h,v)\-p 

is well defined, if 

\\[h(a), v]\\ = \\h(a)v - vh(a)\\ < 5 for all a £ J 7 

(see 2.10 of [30] ). There is 5\ > (|41j) such that botti(u, v) is well defined for any pair of 
unitaries u and v such that || [u, v]\\ < S\. As in 2.2 of [13J, if v\, t>2, v n are unitaries such that 

UK Vj]\\ < St/n, j = 1,2, ...,n, 

then 

n 

botti(n, v\v% ■ ■ ■ v n ) = botti(n, Vj). 

i=i 

By considering unitaries z £ A® C (C = C n for some commutative C*-algebra with torsion 
Kq and C = SC n ), from the above, for a given unital separable amenable C*-algebra A and a 
given finite subset V C K(A) , one obtains a universal constant 5 > and a finite subset F C ^4 
satisfying the following: 

n 

Bott(/i, Vj)\-p is well defined and Bott(/i, ■ ■ • v n ) = ^^Bott(/i, u 3 -), ( e 2-7) 

3=1 
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for any unital homomorphism h and unitaries Vx, V2, v n for which 

\\[h(a), Vj }\\ < 6/n, j = l,2,...,n (e2.8) 

for all a G T . If furthermore, Ki(A) is finitely generated, then (je 2.2p holds. Therefore, there is 
a finite subset Q C if (A), such that 

Bott{h,v) 

is well defined if Bott(/t, v)|g is well defined (see also 2.3 of [30]). 
See section 2 of [30] for the further information. 

We will use the following the theorems frequently. 

Theorem 2.16. ( Theorem 8.4 of [38J) Let A be a unital simple C* -algebra inN with TR{A) < 1 
and let e > and T C A be a finite subset. Suppose that B is a unital separable simple C*- 
algebra with TR(B) < 1 and h : A —* B is a unital monomorphism. Then there exists 5 > 0, a 
finite subset Q C A and a finite subset V C K(A) satisfying the following: Suppose that there is 
a unitary u G B such that 

\\[h(a),u]\\ < S for all f G Q and Bott(h,u)| P = 0. (e2.9) 

Then there exists a piece-wise smooth and continuous path of unitaries {ut '■ t E [0, 1]} such that 

no = u, u\ = u, || [h(a), vt] \\ < e for all / G J 7 and t G [0, 1]. 

We will also use the following 

Theorem 2.17. (Corollary 11.8 of \SU\) Let C be a unital simple C* -algebra inN with TR(C) < 
1 and let B be a unital separable simple C* -algebra with TR(B) < 1. Suppose that <pi,(fi2 : C — ► 
B are two unital monomorphisms. Then there exists a sequence of unitaries {u n } of A such that 

lim adn n o 991(a) = ^2(0,) f or all a £ C 

if and only if 

[<Pi] = VP2\ in KL(C,B), ip\ = <p\ and (ipi) T = (<P2)t- 

3 Rotation maps and Exel's trace formula 

3.1. Let A and B be two unital C*-algebras. Suppose that ip, ip : A — ► B are two monomor- 
phisms. Define 

M<prf = {xe C([0,1],B) : x(0) = (p(a) and x(l) = ip(a) for some a G A}. (e3.10) 

When A = B and (p = id^, is the usual mapping torus. We may call the (generalized) 
mapping torus of <p and ip. This notation will be used throughout of this article. Thus one obtains 
an exact sequence: 

0->SflAM Vi ^A->0, (e3.11) 

where no : ^ — > A is identified with the point-evaluation at the point 0. 

Suppose that A is a separable amenable C*-algebra. From (|e 3. lip , one obtains an element 
in Ext(A, SB). In this case we identify Ext(A, SB) with KK l (A, SB) and KK(A, B). 
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Suppose that [<p] = [ifj] in KL(A, B). The mapping torus corresponds a trivial element 
in KL(A,B). It follows that there are two exact sequences: 

-> K X (B) ^ K (M v tf) K (A) -» and (e3.12) 

-> ir (B) ^ K X (M^) K X {A) -» 0. (e3.13) 
which are pure extensions of abelian groups. 

Definition 3.2. Suppose that T(B) ^ 0. Let ii G Mi(M v ^) be a unitary which is a piecewise 
smooth function on [0, 1]. For each r G T(B), we denote by r the trace r ® Tr on Mi(B), where 
Tr is the standard trace on Mi as in 12.11 Define 

R<pAu)(t) = ^~ I T(^-u(t)*)dt. (e3.14) 

ZTTZ Jq at 

It is easy to see that Rw^{u) has real values. If 

r(ip(a)) = r(^(a)) for all a £ i and r G T(B), (e3.15) 
then there exists a homomorphism 

Rtp,ip : Ki(M ip ^) — > Aff(T(B)) 

defined by 



dt 

If p is a projection in M\{I$) for some integer / > 1, one has z*([p]) = [u], where u G M^ y is 
a unitary defined by u(t) = e 2nlt p + (1 — p) for t G [0, 1]. It follows that 

R v A l *(\p\))(r) = r(p) for all r G 

In other words, 

#¥>W>WM)) = Pfl(b])- 
Thus one has, exactly as in 2.2 of [18], the following: 

Lemma 3.3. When (|e 3.15h holds, the following diagram commutes: 

K (B) -±> K X {M^) 

Pb \ / Rip,i> 

Aff(T(B)) 



Definition 3.4. If furthermore, [cp] = [ip] in KK(A, B) and ^4 satisfies the Universal Coefficient 
Theorem, using Dadarlat-Loring's notation, one has the following splitting exact sequence: 

0^ K(SB)^K(M V:i ,) T± e K(A) -► 0. (e3.16) 

In other words, there is # G HomA (if (^4), K(M,„ ,/,)) such that [7To] o = [kIa]- In particular, one 
has a monomorphism ^/^(A) : Ki(A) — > Ki(Mtp t ^) such that [7ro] ° ^ | iCi (A) = Thus, one 

may write 

Ki(M^) = K (B) (e3.17) 
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Suppose also that r o ip = r o ip for all r G Then one obtains the homomorphism 

R v , i! o9\ Kl{A) :K l {A)^ Aff{T{B)). (e3.18) 
We say a rotation related map vanishes, if there exists a such splitting map 9 such that 

Rip,ip °S\k 1 (A) = 0. 

Denote by IZo the set of those homomorphisms A G Hom(ifi (A), Aff (T(.B))) for which 
there is a homomorphism h : ifi(A) — ► Kq(B) such that A = p A ° h. It is & subgroup 
of Hom(iTi(A),Aff(r(B))). Let 0,0' G Hom A (if (A), if (M^)) such that [tt ] o [0] = [id c ] = 
[tt ] o [0']. Then (0 - 0')(ifi(^4) C if (£). In other words, 

%°(«-^)llfi(A)G^. 

Thus, we obtain a well-defined element G Hom(ifi(>l), Aff(T(.B)))/7£o (which does not 

depend on the choices of 9). 

In this case, if there is a homomorphism 8[ : K\(A) — » K\{M V ^) such that (7To)*i ° 8[ = 

^,-0 ° $i 6 7£o> 
then there is G HoniA (if (tI), if (M,„ ,/,)) such that 

[ttq] o @ = [id^] and R v ^ o = 0. 

To see this, let 8 G HomA (K ( A), K(M tp ,,/,)) such that [ttq] o 8 = [id^]. There is a homo- 
morphism h : ifi(^) -> ifo(-B) such that p A °h = R^ o 0' x . Define 9'{ : Ki{A) -> ifi(M^) 
by 

^'(x) = ^(ar) - /i(x) for all x G ifi(A). 
Then ("7To)*i o 6" = (tto)*i ° 8 = id Kl ( A y Moreover, 

R^ o 0? = 0. 

To lift 6>i' to an element in KL(C, K\(M V ^)), define ^ = 8\ Ko{A) . By the UCT, there 
exists 8" G KL{C,M V ^) such that r(0") = 0", where T is the map from KL(C,M^) onto 
Hom(if*(C),if*(M^)). 

Put 

x = N o 0" - [idK (c) ] m KL(C,C). 
Then T(xq) = 0. Define = 9" — 9 o xo G HomA (if (C), if (M, p ,/,)). Then one computes that 

[ttq] o = [tto] o 0" - [vr ] o8ox = ([id^c)] + x ) - [id^c)] ° x (e 3.19) 

= [%(C)] + x - x = [idK(c)]- (e 3.20) 

Moreover, 

®\ki(C) = 

Therefore, 

R<p,i/> @ki(C) = 0. 

In particular, if R^^ = 0, there exists G HomA (if (A), if (M,„ ,/,)) such that [-7To]o0 = [id^] 

and 

■^,•0 = 0. 

When Rtp t ip = 0, 0(ifi(^4)) G keri?^ ^ for some 9 so that (|e 3.16|) holds. In this case 9 also 
gives the following: 

keri?^ = ker pb © K\{A). 
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The following is a generalization of the Exel trace formula for the Bott element. 

Theorem 3.5. (see also Theorem 3.5 of [33!) There is 5 > satisfying the following: Let A be 
a unital separable simple C* -algebra with TR(A) < 1 and let u, v G U(A) be two unitaries such 
that 

\\uv — vu\\ < 5. (e 3.21) 

Then bott\(u,v) is well defined and 

/£U(botti(u,u))(r) = — (r(log(Wu*))) for all r G T(A). (e3.22) 

27TI 

Proof. There is 5\ > (one may choose S\ = 2) such that, for any pair of unitaries for which 
\\uv— vu\\ < Si, botti(u, v) is well defined (see 12.15(1 . There is also 62 > satisfying the following: 
if two pair of unitaries ui,vi,U2, v% such that 

— 1*2 1 1 < 82, \\vi-V2\\<o~2 (e3.23) 

as well as 

UK, vi]|| <h/2 and \\{u 2 , v 2 ]\\ < 8 1 /2, 

then 

botti(ui, V\) = botti(«2) ^2). (e3.24) 

We may also assume that 

||uiitiu*iti — 1|| < 1 whenever ||[ui, Ui]|| < 62- 

Let 

F = {z G S 1 : \z- 1| < 1 + 1/2}. 

Let log : F — > (— tt, tt) be a smooth branch of logarithm. We choose 5 = min{5i/2, 62/2}. Now 
fix a pair of unitaries u,v £ A with 

||M|<<5. (e3.25) 

For e > 0, there is ^3 > such that 

I log(i) - log(t')| < e (e3.26) 

provided that \t — t'\ < 63 and t, t' G F. 

Choose ei = min{e, 63/ 4, 5/2}. Since TR(A) < 1, there is a C*-subalgebra B G T of A, a 
projection p £ A with 1b = p, unitaries u', i>' G B, and u", u" G (1 — p)A(l — p) such that 

\\u' + u" - u\\ < ei, ||v' + u // -u|| < ei (e3.27) 

and r(l-p) < d for all r G T(A). (e3.28) 

In particular, 

botti(u +u",v +v") =botti(«,u). (e3.29) 

Therefore 

p A (botti(u' + u",v' +v"))(t) =p j4 (botti(«,t;))(r) (e3.30) 
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for all t £T{A). 
Note that 

v']\\ < 8 and \\[u", v"]\\ < 8. (e3.31) 

We also have 

\\v'u'{v'Y{u')* -p\\ < 1 + 1/2 and \\v"u"{v")*(u")* - (1 - p)\\ < 1 + 1/2. (e3.32) 
Write B = ® r j=1 Cj, where Cj = C([0, 1], M /(i) ), or Cj = M l{j) and 

v! = @ r j=1 u'{j) and v' = ® r j=1 v'{j), (e3.33) 
where u'(j),v'(j) £ Cj are unitaries. If Cj = Mu^, by Exel's trace formula ([H]), one has 

Trj{bott x {u'(j),v'(j))) = ^^(logKOO^OXjO^O-)*)) (e3.34) 

where Tr, is the standard trace on Mm. If Cj = C([0, 1], M^), define ir s : Cj — ► by the 
point-evaluation at s G [0, 1]. Then we have 

Tr^bottiC^^'O-)),^^^')))) = ^rrj{\og{ix s {v'{j)u'{j)v{3)*u{j)*))) (e3.35) 
for all s £ [0, 1]. It follows that, for any tracial state t E T(Cj), 

i(botti(t*'(i)y(j))) = 2^tOog(«'0')«'0>(jT«0')*)). (e3.36) 
Suppose that r £ T(.A). Then there are Aj > such that 

r A- r A 

E/(7y = 1 and r lB = £^y*j. ( e3 - 37 ) 



where ij G T(Cj), j = 1,2, ...,r. It follows that 



r(batti(uV)) = -^r(log(?;VK)*(«')*))- (e3.38) 



We also have 



r(log((v' + v"){u' + + v")*{v! + u")*))) (e3.39) 

= T(log(v'u'(v')*(u')*))+T(log(v"u"(v")*(u")*)). (e3.40) 



Note that 

\J-r(log(v"u"(v"r(u"y))\ < r(l -p) < e (e3.41) 

27TZ 

and r(botti («",«")) < e (e3.42) 
for all r 6 r(A). It follows that 

\p A (bott(u,v))(T) - ^ T (\og((v' + v")(u' + u")(v' + v")*(u' + u" )*))){ < 2e (e3.43) 
ziri 

for all t eT(A). 
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Bv (je 3.27|) . we have 

\\vuv*u* - (v' + v")(u' + u")(v' + v")*{u' + u")*\\ <4ei. (e3.44) 
Thus, by the choice of ei and by (|e 3.27D . 

|^[r(log((u' WW WW + «'')*(«' +«")*)) -r(log(Wu))]| < e (e3.45) 
for all r G T(A). Thus, by (|e 3.451) and (le 3.431) . 

|/9A(botti(u,«))(r) — T(log(um>*u))| < 3e (e3.46) 

27TZ 

for all r £ T(j4) and for all e. Let e — ► 0, we obtain 

^(bottif^, v) = T(log(vuv*u)) (e3.47) 

2m 



for all t £T(A). 



□ 



4 Asymptotic unitary equivalence 

Lemma 4.1. Lei A be a separable C* -algebra and let B be a unital C* -algebra. Suppose that 
<pi , Cf2 ■ A — > B are two unital homomorphisms such that there is a continuous path of unitaries 
{u(t) : t G [0, oo)} C B such that 

lim adu(i) o (px(a) = ^2(0) for all a G A. (e4.48) 

t—fOO 

Then there is a continuous piecewisely smooth path of unitaries {w(t) : t G [0,oo)} C B such 
that 

lim &dv(t) o (pi(a) = ^2(0) for all a G A. (e4.49) 

t— >00 

Proof. For each integer n > 1, since v(t) is continuous in [n — l,n], there are points {ti iTl : i = 
0, 1, l(n) such that n — 1 = to,n < ti,n < • • • ti( n ),n = n + l and 

\\u(ti, n ) ~ u(U-i, n )\\ < ^+5 , « = 1, 2, Z(n). 
Therefore there is, for each i, a selfadjoint element 7tj in G -B with ||/ti, n || < sucn that 

w(ti) = u(ii-i) exp(\/^L\ n ), i = 1, 2, i(n). 

Define 

t>(£) = n(t i _i)exp(v / ^l(- — _'~ )hi,n) for all i€ [ii-i, n , k,n), 

H,n H—l,n 

i = 1, 2, Z(n) and n = 1,2, .... Note that, for any c G C, 

||«(t)Vl(c>(t) - u(ti, n )Vl(c)«(ti,r.)|| < " «(ti,n)*)Vi(c)«(t)|| + (e4.50) 

||n(t iin )Vi(c)(^(t) - < (-L + ^ T )||^ 1 ( C )|| = ^|Mc)|| (e4.51) 

for all t G [tj 

— i,ri! ti,n)i i — 1, 2, l(n) and n — 1, 2, — It follows that 
lim &dv(t) o 921(c) = tf2(c) for all c G C. 

t— >oo 

Note that is continuous and piecewisely smooth. 

□ 



12 



Theorem 4.2. Let A £ M be a unital C* -algebra and let B be a unital separable C* -algebra. 
Suppose that ipi , tp2 : A — ► B are unital monomorphisms such that 

lim &du(t) o (p\(a) = ^2(0) for all a £ A (e4.52) 

t— >oo 

for some continuous and piecewisely smooth path of unitaries {u(t) : t G [0, 00)} C B. Then 

[<Pl] = [<P2], <A = (pi, ((Pi)t = {(P2)t and R vim = 0. (e4.53) 

Proof. It is clear that ip\ = cpt, if cpi and <~p2 are asymptotically unitarily equivalent. Thus this 
theorem follows from Theorem 4.3 of |33j. 

□ 

Corollary 4.3. Let A £ M and let B be a unital C* -algebra. Suppose that (fx , (f2 : A — * B are 
two unital monomorphisms which are asymptotically unitarily equivalent. Then 

[(pi] = [<P2] in KK(A,B),ip{ = <4, (<?i)t = Mr and R^m = (e4.54) 
Proof. This follows from 14.21 and 14.11 immediately. 

□ 



5 An existence theorem 

Lemma 5.1. Let C be a unital separable exact simple C* -algebra with real rank zero, stable 
rank one and weakly unperf orated Kq(C). Let A be a unital simple C* -algebra of stable rank 
one. Suppose that there is a homomorphism k : Kq(C) — > Kq(A) for which k([1c]) = [1a] and 
k{Kq(C) + \ {0}) C Kq(A) + \ {0}. Then k induces a positive linear map A : C SM — ► Aff(T(A)) 
such that 

A(p)(r)=r(«(b])) 

for any projection p £ C. Moreover, suppose that there is a sequence of unital completely positive 
linear maps L n : C — > A such that 

lim \\L n (a)L n (b) — L n (ab)\\ = and lim sup \pA([L n ](x) — k(x))(t)\ = (e5.55) 

rwoo n— >00 t£T(A) 

for all a,b € C and for all x G Kq(C). Then 

lim sup{|r o L n (f) - A(/)(r)| : r G T(A)} = for all f G C. 

Moreover, if f G C+\ {0}, A(/)(r) > /or a// r G T{A). 
Proof. It follows from [3] that there is a quasi-trace A(r) on C such that 

k{r){p) = K([p)){r) 

for each projection p G C and for each r G T(A). It follows from the Haagerup theorem that 
A(t) is a tracial state on C. Thus k gives a positive linear map A : C SM — > Aff(T(yl)) such that 

A(p)(r)=r(#c([p])) 

for all projections p £ A. Moreover, for each / G C s . a , there is a sequence of sets of finitely many 
mutually orthogonal projections Pi, n ,P2,n, ■■■,Pk(n),n C C and real numbers Ai )Tl , A2, n , Afc, n 
such that 

fe(n) 

lim ||/ - } Xi, n Pi,n\\ = 0. (e5.56) 

j=l 
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Note that 

fe(ra) fc(n) 

lim sup{|r o L m (S^ \ i)n Pi,n) - V] Ai, n r(/c([p in ])| : r € T(A)} = 0. 

m— >oo *— • *■ — * 

i=l i=l 

It follows from (je 5.56j) that 

lim sup{|r(L n (/)) - A(/)(r)| : r G T(A)} = for all / G C 8 . .. 

n— »oo 

For any / G C+ with ||/|| = 4/3, since C has real rank zero, there is a projection p G C such 
that / > p. Thus A(/)(r) > r o K ([p]) > for all r G T(A). 

□ 

Let A and let C be unital C*-algebras. Let T = N x R : C+ \ {0} — >■ N x R be a map and 
let C C + \ {0} be a subset. Recall that a map L : C — > j4 is said to be W x T-full, if, for any 
a £TC, there are iV(a) elements x\,X2, ...,xjv( tt ) with ||xj|| < 12(a) such that 

JV(o) 

x*L(a)xi = l A - 

3=1 



Lemma 5.2. Lei C be a unital separable exact simple C* -algebra with real rank zero, stable 
rank one and weakly unperf orated Kq(C). Let A be a unital simple C* -algebra with TR(A) < 1. 
Suppose that there is a homomorphism k : Kq(C) — > i^o(^) / or which «([lc]) = [1a] and 
k(ETo(C)+ \ {0}) C 1^0(^4)+ \ {0} and suppose that there is a sequence of unital completely 
positive linear maps L n : C — > A such that 

lim \\L n (a)L n (b) — L n {ab)\\ = for all a, b G C and (e5.57) 
lim sup{\T([L n ](x) - k(x))\ : t G T(A)\ = for all x G K (C). (e5.58) 

n— >oo 

T/ien iaere is T = N x R : C + \ {0} -^Nxt swc/i i/iai, /or any /irate sa&sei HcC + \{0}, 
there exists an integer n$ > 1 suc/i i/iat L n is H-T -full for all n > no- 

Proof. Let A be given by 15.11 For any a G D+ \ {0}, let a\ = a/\\a\\. Let oq = /o(ai) where 
/o G C([0, 1]), / (t) = if t G [0,3/4], / (1) = 1 and < f (t) < 1. Define fi G C ((0, 1]) such 
that < fi{t) < 1, f(t) = for t G [0, 1/2], /(i) = 1 for i G [3/4, 1]. Since C has real rank zero, 
there is non-zero projection po G aoCao- Put 

d(a) = inf{A(>o)(r) : r G 

Then d(a) > 0. Since ^4 has stable rank one, there is a projection p' G A such that [p'] = k([po]) 
(since ft([po]) < [1a] )• We have that 

t(j/) > (3/4)d(a) for all r G T(A). (e5.59) 

Let 

JV(o) = [ t-—; ] + 1 and 12(a) = max{l/||a||, 1}. (e5.60) 
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Note that, since TR(A) < 1, for any projection p' £ A with r(p') > (3/4)d(a) for all r G 
there are partial isometries vi,V2, G M m (^4) with m < N(a) such that £^Li v iP' v i — L4- 

Let it? G M m (^4) be a partial isometry such that 



u;*u> = 1 and ww* = q < v*p'vi ■ 

i=i 

It follows that 

m 

w*v*p'vjW = w*qw = lA- (e5.61) 

i=i 

Let Xi = w*Vi, i = 1,2,..., m. Note that Xi £ A and < 1. Define T{a) = {N{a),2^/2R(a) 1 / 2 ) 
for all a £ \ {0}. Fix a finite subset 7i C D + \ {0}. Choose n' > 1 such that 

£n(po) > (15/16)A(p)(r) for all r G T(A) 

for all a G H and for all n > ng. Put b = L n (/i(oi)). By (|e 5.57P and Section 2.5 of [22] , there 
is a projection p £ A such that, with n > tiq > n' , 

\\L n (po)-p\\ < 1/32 and \\bp - p\\ < 1/16. (e5.62) 

From what we have shown above, there are z±, Z2, £jv( a ) G A with \\zi\\ < 1 such that 

N{a) 

z iP z i = U- 

1=1 

It follows from (je 5.62|) (and Section 2.5 of [22], for example) that there is < b\ < 2 such that 
61661 = p. Hence 

N(a) 

z\b x bb\Zi = 1 A - 

i=i 



Since 2R(a)a > /i(ai), we have 



iV(a) 

£ z*2R(a)L n (a) Zi > l A . 
i=i 



It follows that there are 2/1,2/2, —iVNU) with ||yj|| < 2v / 2-R(a) 1 / 2 such that 

AT( ) 

^ y*L n (a)yi = 1a- 

i=l 

It follows that L n is H-T-full for all n > uq. 



□ 



Definition 5.3. Denote by Coo the class of C*-algebras with the form PM[(C(X))P, where 
X=TVTV---VY, where Y is a connected finite simplicial complex with dimension no more 
than three and with torsion K\{C{Y)), P G M[(C(X)) is a projection. In particular, X G X 
as defined in 8.2 of [36]. Denote by Co the class of C*-algebras in Coo so that the projection P 
has rank at least 6, if X / T V T V • • • V T. In particular, Kt(C) = U(C)/U {C) for C G C . 
Denote by C the class of AH-algebras which have the form C = lim n ^ 00 (C , n , ^ n ), where each C n 
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is a finite direct sum of C*-algebras in Cq and i n is a unital monomorphism. If C G C, then one 
has splitting short exact sequence 

U {C)/CU(C) -> U(C)/CU(C) -» ^(C) -» (e5.63) 

and Ac is an isometric and isomorphism (see I2.2|) . 

Theorem 5.4. Let C be a unital separable simple amenable C* -algebra with TR(C) - 
satisfies the UCT and let A be a unital separable simple C* -algebra with TR(A) < 1 
that k G KL(C, A) ++ with k([1c]) = [1a]- Then there is a unital homomorphism h 
such that 

[h] = k in KL{C,A). 

Proof. It follows from [26] that C is a unital simple AH-algebra. Moreover, it can be written 
as C = lim n _^ 00 (C n , <p n ,n+l)i where each C n is a finite direct sum of C*-subalgebras in Co (this 
follows from a theorem of Villadsen and Theorem 10.9 and Theorem 10.10 of [31], see also |llj). 
Furthermore, by [ID] , we may assume that ^ n ,n+i are injective. Let {J^} be an increasing 
sequence of finite subsets of C whose union is dense in C. We may assume that there is a finite 
subset T' n C C n such that ip n>0O {F'n) = n = 1,2,.... Let {V n } be an increasing sequence 
of finite subsets of K(C). By 9.10 of [31], there exists a sequence of unital completely positive 
linear maps L n : C — > A such that 

lim \\L n (a)L n (b) — L n (ab)\\ = for all a, b G C and [L n ]|£> = «| , p n , (e5.64) 

n^oo 

n = 1, 2, .... Let A be in 15.11 associated with k and T = N x R : C + \ {0} — > N x M be given by 
K as in 15.21 

Let tf n (in place of 5), G n C C (in place of 0), 7* C K(C) (in place of P) and U n C U(M oa (C)) 
be as required by Theorem 11.5 of [36] for e n = l/2 n+1 , T n and T. Since C is of stable rank one, 
we only need to consider the case that U n C U(C). To simplify the notation, we may assume that 
U n C U(C). By passing to a subsequence of {Vn}, we may assume, without loss of generality, 
that V n = V n , n = 1,2, .... Note as in (je 5.63j) we may write 

u{c)/cu{c) = u (c)/cu(c) e k x (c). 

Let TTi : U{C)/CU(C) -> U (C)/CU(C) and^ 2 : U{C)/CU(C) -» iTi(C) be the projection. Put 

W^ 1 = 7Ti(W n ) and = 7T2(£/ n ), n = 1,2, .... To simplify notation, without loss of generality, 

we may assume that = UW^', n = 1,2, .... Let 5 n C C s . a . be a finite subset such that 

Ac(W^) C J^, where is the image of J" n in Aff(T(C)) and is the image in AS(C)/p c (C), 
n = 1, 2, .... Put e; = 6„U J- n , n = 1, 2, .... 

Without loss of generality, we may also assume that there is a finite subset Q n G K(C n ) 
such that [<^n,oo](Qn) = ^n; a finite subset C C n such that ip nj0 o(Gn) = G' n and U n C 
tPn,oc(U (C„)) , n = 1,2,.... Let V n C U{C n ) be a finite subset such that y n (V n ) = Z^n arid 
: G(V n ) — ► K\(C n ) is injective, where G(V n ) is the subgroup of U{C n )/CU(C n ) generated 
V n and where nf 1 ^ : U(C n )/CU(C n ) — ► K\{C n ) is the quotient map, n = 1,2, .... 

We may assume, by passing to a subsequence, that 

sup{|r(L n (a)) - A(o))(r)| : r G T(,4)} < 5 n /^ (e5.65) 
for a = (l/2)(c* + c) and a = (l/2*)(c - c*) for all c G 
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We claim, that, there is a subsequence {n(k)} such that 

L n(k+1) ~l/2"+i L n(k) on Fk, (e5.66) 
[ L 'n(k)]\v k = [L n (k)]\v k and (e5.67) 
sup{\r(L' n{k) (a)) - r(L n(k) (a))\ : r G T(A)} < 5 fc /8vr (e5.68) 

for all a G Q' k , k = 1, 2, where : C — » ^4 is a (^^-multiplicative contractive completely 

positive linear map. We also assume that [I^,^]!^ is well defined and L',^ is 7Yfc-T-full, 
where = Q' k fl C + \ {0}, L',^ o 9?fc j00 induces a' fc : Ki(C k ) — ► t/~(A)/C77(A), where we write 
!7(C fc )/C£/(C fc ) = UoiCkyCUiC^QK^Ck) and define a fc : U(C k )/CU(C k ) -> C/(A)/CC/(A) 
so that afck^Cfe) = «4 and afc|c/ (C fe )/C£/(C fe ) = 0. Let 5 fc (in place of 5), Gfc (in place of Q) and 
77^ (in place of rj) be required by Lemma 7.4 of [31] for Cfc ( in place of C), 5 k /2ir (in place of e) 
and for </2fc-i,jfc(Vfc_i) (in place ofU). We may assume that 5fe < S k /2, k = 1,2, .... 

We use induction. Suppose that we have constructed nil) < n(2) < ...,n(k) so that (|e 5.66p . 
(|e 5.67jl and (jejQlj) hold. 

Since TR(C) = 0, we may assume that there is a projection p k £ C and a unital homo- 
morphism ip k : — > B for some finite dimensional C*-subalgebra B of C with lc = Pfc such 
that 

lk*,oo(/)-^fc©(l-Pfc)Vfc,oo(/)(l-Pfc)ll < min{4 +1 /8vr, %+1 /4,l/2 n+2 } (e5.69) 
and ||pfc<^fc,oo(/) - Vfc,oo(/)Pfc|| < min{4 + i/87r,77fe + i/4, l/2 n+2 } (e5.70) 

for all f eG' k U G k and 

r(p fc ) < min{4 +1 /4,«5 fe+1 /4} for all r G T(C). (e5.71) 

To simplify notation, we may assume that L n (p k ) is a projection for all n > n(k) + 1, without 
loss of generality. 

By 15.21 we may assume, without loss of generality, that L n are 7i. k+ i-T-fu\l for all n > N(k) 
for some N(k) > 1, where TLk+i = ^fc+inC + \{0}. We may also assume that L n is min{4+i,%}- 

5fc + i-multiplicative, where Sfc+i D ^+iU(^fc + (l-Pfc)^fc,oo)(^° ) UG'fc). We may also assume that 
iV(fe) > n(fc). Without loss of generality, we may further assume that L N r k \(p k ) is a projection. 

It follows from Lemma 7.4 of [31 j that there is a unital homomorphism VPfc+i : C k +i — ¥ 
L N(k){Pk)AL N ( k) {p k ) such that is homotopically trivial, (* fe+1 )*0 = [L N ^ o and 

^(u))" 1 ^^! © (1 - q k )L N[k) {\ - q k )) X {w) = (e5.72) 

for all io G <£fc,fc+i(Vfc), where G U (A), cel(g w ) < 5 k /2ir and where q k = L N ^ k ){p k ). Let 
n(k + 1) = JV(fc). Define L" (fc+1) = * fe © (1 - q k )L N(k) (l - q k ). We have 

[ L n(k+i)\\v k = [L n (k+i)]\v k - (e5.73) 
Note, by [52J we ma y assume that is also "Hfc+i-T-full. By, (je 5.71|) . 

I T ° L n(fc+i)( a ) ~ r ° ^n(fe+i)(a)| < 4+i/4tt for all r G T(A) 
and a G In particular, by ([e 5.65|) . 

k (°) " T ° L n(fc)(°)l < <W 27F fOT a11 T G T (^) 
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and a G Q' k . Since Jk C Q' k (see also 12 . 2[) , one also has 

diBt((L^ +1) )t(tZ),(^ (fc) )t(fi)) < 5 fc (e5.74) 

for all u G . By combining with (|e 5.72|) . one sees that (|e 5,74p holds for all u GU^- 
By applying Theorem 11.5 of [36], we obtain a unitary u& G ^4 such that 

adu fe o l£ (fe+1) w 1/2 fc+i L'„ (fc) on .7^. (e5.75) 

Moreover, it is clear that, by choosing larger N(k), if necessarily, we assume that i^/^+l) ° 
Vfc+1,00 induces a homomorphism a' fc+1 : -Ki(Cfc+i) — > U(A)/CU(A). We then define 
accordingly. Define L^( fe+: n = ad o L^ + -a . This proves the claim. 

It follows that {-^(/%)} is a Cauchy sequence. One obtains a unital linear map h : C — > A 
such that 

lim L^/ H (c) = h(c) for all c G C. 
Therefore /i must be a unital homomorphism. It follows from (|e 5.730 that 

[/l] = K. 

□ 



6 Almost commuting with a unitary 

Lemma 6.1. Let C be a unital AH-algebra and let A be a unital separable simple C* -algebra 
with TR(A) = 0. Suppose that there is a unital monomorphism h : C — > A. Then, for any e > 0, 
any finite subset T and any finite subset V C K(C), there exists a C* -subalgebra Co C C with 
V C \i](K(Cn)), where 1 : C$ —* C is the embedding, and a finite subset Q C K\{Cq) and 5 > 
satisfying the following: Suppose that k G HoniA (K(Cn & C(T)),K_(A)) with 

\p A o k(P(x))(t)\ < 5 for all x^Q and for all r G T(A). (e6.76) 

Then there exists a unitary u G U (A) such that 

|| [h(c), u]\\ < e for all c G T and Bott(/t o z, u) = k o [1] o /3. 

Moreover, there is a sequence of C* -algebras C n with the form C n = P n M r r n \(C(X n ))P n , 
where X n is a finite CW complex and P n G M r i v \{C{X n )) is a projection, such that C = 
lim n _ s . 0O (C n , <p n ) for a sequence of unital monomorphisms (p n :C n ^> C n +i and one may choose 
Co = V?n,oo(C n ) for some integer n > 1. 

Proof Suppose that n G Bom A (K(C ® C(T)),K(A)). Note (see 2.10 of [30J) that 

K(C ® C(T)) = K(C) © (3(K(C)). 
Define «/ G Hom A (if (C ® C(T)), as follows. 

k '\k(C) = [h] and k'\/3(k{C)) = K \(3(K(C))- (e6.77) 

We see then the lemma follows immediately from Lemma 7.5 of [33J by considering k' instead 
of n. 

□ 
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Lemma 6.2. Let X be a finite CW complex and let C = PM r (C(X))P, where P G M r (C(X)) 
is a projection and r > 1. Let A be a unital separable simple C* -algebra with TR{A) = and 
let k G KK e (C, A) ++ . Suppose that p £ A is a non-zero projection. Then there is a non- 
zero projection po < p, a unital monomorphism ho : C — > poApo and a unital homomorphism 
hi : C — > F such that 

[hq + h{\ = k, 

where F is a finite dimensional C* -subalgebra of A with lp = 1 — Po- 

Proof. First we assume that C = C(X). It is then clear that we may assume that X is a 
connected. In this case the lemma follows from Lemma 4.2 of |30| . For general case, there is 
k > 1 such that there is a projection Q G M k (C) such that QM k (C)Q = M R (C(X)) for some 
integer R > 1. Moreover, there is an integer R' > 1 and a projection Qi G M R i(QMi : (C)Q) 
such that QiMr/(QM[ c (C)Q)Qi = M Rl (C) for some integer R\ > 1. Then there is a projec- 
tion q G Mfc(A) such that there are mutually orthogonal and mutually equivalent projections 
?i)?2)-,9fl 6 such that re([Q]) = [gi]. Let C = e\M R {C{X))e\ = C(X), where ei is a 

rank one projection. Let cq G Mfc(^4) such that K([ei]) = [eo]- Let qo G eoAeo be a non-zero 
projection such that 

%o] < H- 

It follows from the special case that there is a unital monomorphism ho : Co — ► /io(ei)Mfc(A)/io(ei) 
such that 

fa] = K 

and H'q = /io,o + ^o,l) where /io,o is a unital monomorphism from Co to go^fc(^4)<?o and /io,i maps 
Co into a finite dimensional C*-subalgebra in (eo — qo)M k (A)(eo — qo)- Let h[ = h' (8> idAf B , 
and /i 2 = (^i ) | QxM R , {QM h (C)Q)Qi ■ Let U = h 2 \ e > 1 M Rl (Cy 1 , where e i ^ M Rl (C) is a rank one 
projection. Then we obtain a unital monomorphism /i : C — ► ^4 by choosing h = adu o h! for 
some unitary u G h2(M Rl (C)). By choosing a right unitary, we may write h = ho + hi, where ho 
maps C into poApo with po <p and /ii : C — > (1 — po)-A(l — Po) with finite dimensional range. 

□ 

Theorem 6.3. Let C be a unital C* -algebra with the form C = lim n ^ 00 (C n , i n ), where C n is a 
finite direct sum of C* -subalgebras in Coo and i n '■ C n — > C n +i is unital and injective, and let A be 
a unital separable simple C* -algebra TR(A) < 1. Suppose that h : C — > A is a monomorphism. 
Then, for any e > 0, any finite subset T and any finite subset V C K(C), there exists n > 1 for 
which V C [zn] (K(Cn)), a finite subset Q C K\{C n ) and 5 > satisfying the following: Suppose 
that k G Hom A (^(C n <g> C{T)),K(A)) with 

\p A o k(/3(x)(t))\ < 5 for all x^Q and for all r G T(A). (e6.78) 

Then there exists a unitary u G U (A) such that 

|| [h(c), u]\\ < e for all c G T and Bott(/t o i n , u) = no (3. 

Proof. It is clear that it suffices to prove the case that C is a finite direct sum of C*-algebras 
in Coo- Therefore, to simplify notation, without loss of generality, we may assume that C G Coo 
and write C = PC r (C{X))P. Let B be a unital separable simple C*-algebra with TR(B) = 
which satisfies the UCT and 

(Ko(B),Ko(B) + ,[l B ],Ki(B)) = (K (A), K Q (A)+, [1 A ], K X (A)). 

It follows from 15.41 that we may assume that there is an embedding i : B — ► A such that [i] (in 
KL(B,A)) induces an identification of the above. To simplify notation, we may further assume 
that B is a unital C*-subalgebra of A. 
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Let ei > with ei < e and let T\ D T be a finite subset such that, for any unital homomor- 
phism H : C — > A and unitary u' £ A for which 

\\[H(c), u']\\ < e x for all c G ^i, 

Bott(.ff, u') is well-defined. Moreover, if H' : C — ► A is another unital monomorphism such that 

||.ff(c) - £T'(c)|| < ex for all c G ^i, 

then 

Bott(if,«') = Bott(H',n / ). 

Let 5i > (in place of 8), Qx C C ( in place of "H) be a finite subset, 7" C K(C) (in place of 
T 7 ) be a finite subset and let U C U(M 00 (C)) be a finite subset required by Cor. 11.6 of [36] for 
ei/2 (in place of e) and and /i. Without loss of generality, we may assume that Q\ is in the 
unit ball of C. 

For a moment, we assume that rank of P at each point of X has rank at least 6. In this 
case KxiC) = U{C)/U (C). Therefore, we may assume that U C U(C). Write U{C)/CU{C) = 
U (C)/CU{C) Kx(C) and tti : U{C)/CU(C)_-^ U Q (C)_/CU(C) and U(C)/CU(C) -» 
i^i(C) are projection maps, respectively. Let = iri(U) and = VT2 ) • To simplify the 
notation, without loss of generality, we may assume that U = U\VMA2- Let T^o C C s . a . be a finite 

subset such that 7Yo 3 Ac(Wi). Let 52 = 5i U Wo- 

Let 62 > ( in place of 5) be as required by Lemma 7.4 of [3T] for <5i/2 (in place of e), U2 
and a = h$. 

It follows from 16.21 that there is a unital monomorphism /iq : C — ► Po-Bpo with t(pq) < 
min{Ji/8, ^2/4} for all r G T{B) and a unital homomorphism /i^ : C — > i 7 , where -F is a finite 
dimensional C*-subalgebra of B with 1^ = (1 — p ) such that 

[/to + h[] = [h] in KK(C,A). (e6.79) 

Note that we have assumed that C G Co- Let 1 > $3 > (in place of 5) and Q C K\{C) be 
required by Lemma [6.11 for J 7 , V and Po-Bpo ( in place of A). 
Let S = min{<53 • (5i/16-7r), 63 ■ 82/4}. Now suppose that 

I PA K /3(^)(t)| < <5 for all x G Q and for all r G T(.A). 

By 16. 1( there is a unitary no G Po-Bpo such that such that 

|| [/10(c), uo]|| < ei/2 for all c G JF and Bott(/io,wo) = no /3. (e6.80) 

Put n = no + (1 — Po)- It is easy to see that there is a non-zero projection go £ (1 — Po)^4(l — Po) 
such that 

q Q f = f qo for all f E F and r(g ) < 5 for all r G (e6.81) 

Define <po(c) = qoh'^c) and <p ( c ) = (1 — po — qo)^^) for all c G C. 

By Lemma 9.5 of [H], there is C*-subalgebra Bq G (1 — po — go) j 4(l — Po — <7o) with Bq G X 
and a unital homomorphism /ii : C — > Bq such that 

(M*o = (f'o)*o and (e6.82) 
||To/ ll (/)-(T(l-po-go))ro/ l (/)|| < <5i/8tt for all / G Q 2 (e6.83) 

and for all reT(i). 
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Define cp\ = ho + h\. By applying Lemma 7.4 of [31 j . we obtain a unital homomorphism 
<3? : C — > (70^90 with = (<A))*o 5 $ is homotopically trivial, and, for all w £U, 

hHw)~\$ © pi)*(«;) = ^ (e6.84) 

where g w G Co(^) an d eel (</«,) < <5x/2. Define h% = $ © yi. Then 

[/i 2 ] = [/i] in KK(C,A). (e6.85) 

Moreover, we compute that 

|rofc(/)-r(/i2(/))| < *l/4+|ro/ l (/)-r(/i 1 (/))| (e6.86) 

< 5i/2 + <5i/4+|T(l-po-go)r(/i(/))-r(fci(/))| (e6.87) 

< 5i/2vr for all / G £2 (e6.88) 

and for all r G Since "Ho 3 ^c(Wi), by combining the above inequality with (je 6.84I) . 

dist(^(«7),M(tD)) < 5i for all w G (e6.89) 
By applying Corollary 11.6 of [36] that there is a unitary U G A such that 

adC/o/i 2 ~ ei /2 ft on JF. (e6.90) 
Choose u = U*(uo + (1 — po))U. Then 

||[/t(c), u]|| < ei for all c£f. (e6.91) 

Moreover, by the choice of t\, 

Bott(h,u) = Bott(/i 2 ,u + (1 -Po)) (e6.92) 
= Bott(/i ,u ) = ko/3. (e6.93) 

Now consider the general case. We consider h © idM 6 : Mq(C) — ► Mg(A). Suppose that 
1/2 > e > 0. For e2 = ^gg and .F2 = {( a i,j) G Me(A) : cijj G JF, or ajj = 0, 1a}, applying what 
we have proved to h <g> idM 6) we obtain a unitary G [/(Ms (.A)) such that 

\\[h © id A f 6 (c), W]|| < e 2 for all c£f 2 and (e6.94) 
Bott(h®id M6 ,W) = ko/3. (e6.95) 

It is easy to compute that there is a unitary u G U (A) such that 

||Z7-W||<ei, (e6.96) 

6 

where U = diag(u, u,... t u). It follows that 

||[fc(c), u][| < e for all c G T (e6.97) 
and Bott(7i,it) = Bott(/i © id Me , U) = no (3. (e6.98) 

□ 

Remark 6.4. Let A be a unital simple separable C*-algebra with TR(A) < 1 and let C be a 
unital AH-algebra as in Theorem 16.31 Note that, given homomorphisms 6, : (i n )*i(Ki(C n )) — ► 
ifi(-A) (i = 0,1), there is an element k G HomA (K(C n © C(T)), if (.A)) such that kIk^c^) = 
b{ o (i n )*i, i = 0,1. Thus Theorem 16.31 says that A has property (Bl) and (B2) associated with 
C as defined in 3.6 of |39|. 
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7 Asymptotic unitary equivalence in simple C*-algebras of tra- 
cial rank one 

Lemma 7.1. Let C be a unital AH-algebra in C and let A be a unital separable simple C* -algebra 
with TR(A) < 1. Suppose that ^\,ip 2 '■ C — > A are two unital monomorphisms. Suppose that 

[ipi] = [<p 2 ] in KL{C,A), (e7.99) 
ip\=(fl, (cpi) T = (<p 2 )T and (e 7.100) 

iW 2 (iTi(AW a )) = Pa(K (A)). (e 7.101) 

Then, for any increasing sequence of finite subsets {J~n\ of C whose union is dense in C, any 
increasing sequence of finite subsets {Vn} of K\{C) with U'^ } =1 T , n = K\(C) and any decreasing 
sequence of positive number {5 n } with X^nLi < 00, there exists a sequence of unitaries {u n } 
in U (A) such that 

adu n o(p 1 x Sn Lp 2 on T n (e 7.102) 

and 

p A (botti((p 2 ,u n u n+ i)(x)) = for all x € V n (e 7.103) 

for all sufficiently large n. 

Proof. It follows from Corollary 11.7 of [36] that there exists a sequence of unitaries {u n } C A 
such that 

lim adv n o ip\{a) = tp 2 (a) for all a S C. (e 7.104) 

Without loss of generality, we may assume that V n = {z±, z 2 , z n } and we may also assume 
that T n are in the unit ball of C and U^L 1 J r n is dense in the unit ball of C and we write 
that C = lim„^ 00 (C n , ip n ), where C n = P n M R ^(C(X n ))P n and C n is a finite direct sum 
of C*-algebras in Co, and where each tp n is a unital monomorphism. We may assume that 
(C n ) and V n C (^Pn,oc)*i(Ki(C n )), n = 1,2, .... 

Let 1/2 > e' n > so that Bott(/i', u')\-p n is well defined for any unital monomorphism 
h! : C —* A and any unitary u' £ A for which 

\\[h'(a),u']\\ < e' n for all a € Q n (e 7.105) 

for some finite subset Q n C f n ,oo(C n ) which contains T n . Moreover, we may assume that 
Bott(/i'o^ 

njOO)^') is well defined whenever (je 7.105P holds. 
Put e^ = min{e'„/2,l/2"+ 1 , ( 5 n /2}. 

Let S' n > ( in place of 5), k(n) > 1 (in place of n) and Q n C K\{C n ) (in place of Q) be as 
required by 16.31 for e n /2 (in place of e), T n (in place of J 7 ) and V n = {z\, z 2 , z n } (in place of 
P). 

Note here we assume that {z 1 , z 2 , z n } C (ipk(n),oo)*i( K i(Ck(n)))- So there are yi, y 2 , y n G 
^i(Cfe(n)) such that (^fc(n),oo)*i(?/i) = z,-, i = 1,2, ...,n. 

Suppose that {yi,y 2 , ■ ■■,y m (n)} {rn{n) > n) forms a set of generators of Ki(Ck( n ))- We may 
assume, without loss of generality, that Q n = {yi,y 2 , ■■■■,y m (n)}- Put e n = mni { e n/2, <5^/2}. 

We may assume that 

&Av n o ip 1 K, tn (p 2 on g k(n ) (e 7.106) 
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Moreover we may assume that 

||[(/?i(a), v n vl +1 }\\ < e n for all a E Gk(n)- (e 7.107) 

Thus botti(</?i o ipk( n ),oo, v nVn+i) is well defined. 

Let wi,W2,---,w n ,...,w rn ( n } E Mi(Ck( n \) for some / > 1 be unitaries such that [wj\ = 
Ofc(n),oo)*i(yi), i = 1,2, ...,m(n). Put 



v n = diag(u n , u n , . . . ,v n ). 

We will continue to use ipi for cp^ (g) id^ , i = 1,2. 

By choosing even larger Gk(n): we m &y also assume that 

llwiwrfadvnfattvj)*)) ~ Ml < (l/4)sin(2vre n ), n = l,2,.... (e 7.108) 

Put 

fy„ = log(— <^2(wj)adv n (vi((^j)*))), J = l,2,...,m(n),n = 1,2,.... 

Z7TZ 

Then for any r G T(j4), 

T(h j;n ) <e n < 5' n , j = 1, 2, m(n). (e 7.109) 

By the assumption that R^^iM^^^^) = pa{Kq(A)) and by Lemma 1331 we conclude that 

hZ(r) = r(h jtn ) G PA (K (A)). (e 7.110) 

By applying 6.1, 6.2 and 6.3 of [32], and choosing larger Gk(n)> we obtain a homomorphism 
ol n : Ki(C n ) —* p^(ii"o(^.)) such that 

«n(2/i)( T ) = %,n(V) = T(hj >n ),j = 1,2, ...,m(rt). (e 7.111) 



Since a4(-Ki(C n )) is free, it follows from (je 7.110j) that there is a homomorphism a 



(i) . 



n 



Ki{C n ) -> ifo(-4) such that 

W o Q ( 1 '( !/j )(T)=r(y, j = l,2,..,m(n). (e 7.112) 

Define ai 0) : K (C„) -» Kx{A) by ai 0) = 0. By the UCT, there is K n G Hom A (K(C„),^(A)) 

such that k„|xi(c„) = o4 • 

It follows from 16.31 that there exists a unitary U n G f7o(^4) such that 

||[^ 2 (a), C/ n ]|| < e^/2 for all a£f„ (e 7.113) 

and pA(botti((^ 2 , U n )){z j ) = -p A o a n (Zj), (e7.114) 

j = 1,2, ...,n. 

By the Exel trace formula 13.51 and (le 7.111|) , we have 

T(h j>n ) = -p A (botti(^ 2 ,^n))(%)(r) (e 7.115) 

= -r(^log(C7 n ^K-)^>2K))) (e 7.116) 

for all r G j = 1,2, ...,m, where 



U n = diag(U n ,U n --- ,U n ) (e 7.117) 
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Define u n = v n U n , n = 1,2, .... Put 



u n = diag(u n ,u n , . . . ,u n ). 
By 6.1 of [32]), and by (le 7.114j) and (je 7.1161) . we compute that 

T(log(^(ip 2 ( Wj ) a du n (Mw*))))) (e 7.118) 

= r(\og(^(U n ip 2 (w*)U:K(M^))vn)^ (e 7.119) 

= r(log(^(^^ 2 (^0^>2K*)^K)<(^iK*))^))) (e 7.120) 

= r(log(^(^ 2 K)^>2K)))) ( e7 - 121 ) 

+r(^log(^K-)<(^iK))^))) (e 7.122) 

= p A (bott 1 (^ 2 ,C/ n ))(z i )(T)+r(/i J> ) = (e 7.123) 

for all r G T(A). 
Let 

&,„ = \og{^u n ip 2 {wj)u* n Lpi{w*)) and (e 7.124) 

Z7TZ J 

b'j, n = ^( — ^{Wj^Un+i^iw^U^xUn)), (e 7.125) 

j = 1,2, ...,n and n = 1,2,.... We have, by (le 7.123p . 

T%, n ) = T ( 1 og(^-n ri 99 2 (^X^i(^))) (e 7.126) 

= T ( 1 og^-<UnV 3 2(^iXv : 'i(^)^n) (e 7.127) 

= r(log— ip2(wj)u* n i^x{^)un) = (e 7.128) 

Z7T2 J 

for all r G T"(.A), j = 1, 2, n and n = 1,2, .... Note also r(6,- n +i) = for all r G T(A) and for 
j = 1, 2, n. Note that 

u n e 2nib '^u* n = e 2*ttA» e -2*%»+i . (e 7.129) 

Thus, by 6.1 of [32] and by (le 7.1290 . we compute that 

T(b' hn ) = r{b hn ) - rfan+x) = for all r G T(A). (e 7.130) 

It follows the Exel trace formula (|3.50 and (|e 7.1300 that 

PA(botti(<£ 2 , < - "n+i))(^j)('r) (e 7.131) 

= T(log(UnU n+1 (p2(w*)Un +1 u n ip2(wj)) (e 7.132) 

= T(log(^2(wj)u^u n+1 Lp 2 (w*)u* n+1 u n )) = (e 7.133) 

for all r G T(A). It follows that (|e 7.1030 holds. By (|e 7.1060 and (je 7.1130 . one concludes that 
(|e 7.1021) also holds. 

□ 
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Theorem 7.2. Let C be a unital simple C* -algebra in N with TR{C) < 1 and let A be a 
unital separable simple C* -algebra with TR(A) < 1. Suppose that <pi,<f2 '■ C — > A are two unital 
monomorphisms. Then there exists a continuous path of unitaries {u(t) : t G [0, oo)} C A such 
that 



¥>2(c) /or all c £ C 



(e 7.134) 



z/ and only if 



lim ad ?7(i) o ip\(c) 

t^>oo 

M 

V* = At Mt 



= [<p 2 ] in KK{C,A), 
= {<P2)t and 

= W. 



(e 7.135) 
(e 7.136) 
(e 7.137) 



Proof. The "only if " part follows from 14.31 We need to show that "if part of the theorem. 

Let C = lim n ^ 00 (C n , ip n ), where C n is a finite direct sum of C*-algebras in Co and tp n : C n — > 
C n +i is a unital monomorphism. Let {J-n} be an increasing sequence of finite subsets of C such 
that U^L^n is dense in C. 

Put 

M vim = {/ € C([0,1],A) : /(0) = ^i(a) and /(l) = ^ 2 (a) for some a G C}. 

Since C satisfies the Universal Coefficient Theorem, the assumption that [tpi] = [992] m 
KK(C,A) implies the following exact sequence splits: 

0^ K(SA) -> K(M Vl)ip2 ) ^ K{C) ->0 (e 7.138) 

For some 6 G Eom A (K(C),K(A)). __ 

Furthermore, since ro^ = ro^for all r G T(.A) and Rp 1)t p 2 = {0}, we may also assume 
that 

R vliV2 (0(x)) = for all x G iTi(C). (e 7.139) 

By [1], one has 

lim (K(C n ), [^ n ]) = K(C). (e 7.140) 

n— >oo 

Since each K~i{C n ) is finitely generated, there is an integer K(n) > 1 such that 

Bom A (F K(n) K(C n ),F K{n) K(A)) = Rom A (K(C n ),K(A)). (e 7.141) 

Let S' n > (in place of <5), Q' n C C (in place of Q) and "P^ C K(C) (in place of "P) be 
finite subsets corresponding to l/2 n+2 and J- n required by Theorem 7.4 of [35]. Without loss 
of generality, we may assume that Q' n C ip n ,oo(Gn) and V' n = [ip n ,oo]('Pn) for some finite subset 
Q n of C n and for some finite subset V n C K_{C n ). We may assume that V n contains a set of 
generators of F K ^K_(C n ), 5' n < l/2 n+3 and T n C Q' n . We also assume that Bott(/i', u')\-p n is 
well defined whenever ||/i'(a), u']\\ < 5' n for all a E Q' n and for any unital homomorphism h! and 
unitary it'. Note that Bott(h' ,u')\p n defines Bott(h'\c„,u'). 

We further assume that 

Boti(h,u)\ Tn =Bott(/»',u)|p„ (e 7.142) 

provided that /i hi on C/^. 
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We may also assume that 5' n is smaller than 5/3 for that 5 in 12.151 for C n and V n - 

Let k(n) > n (in place of n) and rj n > (in place of 5) be required by 16.31 for ipn,oo(Gn) 
(in place of JF), "P n (in place of V) and <5^/4 (in place of e). For C n , since Ki(C n ) (i = 0, 1) 
is finitely generated, by choosing larger k(n), we may assume that fak(n),oo)*i is injective on 
{^ n ^k(n))*i{Ki{C n ))^ i = 0, 1. Since Ki(C n ) is finitely generated, by (|e 7. 141 j) . we may further 
assume that [ip k ( n ),oo] is injective on [v?n,fc(„)](^(C„)), n = 1,2, .... 

By passing to a subsequence, to simplify notation, we may assume that k(n) = n + 1. 

Let 5 n = min{r/ n ,<5 n /2'}. 

By 17.11 there are unitaries v n 6 ?7(A) such that 

adf„ o cpx « 5n+1 / 4 (f2 on -i/Wi,oo(£n+i), (e 7.143) 

PA(botti(v? 2 , v* n v n+1 ))(x) = for all x £ ip n +l,oo(Ki(C n+1 )) and (e 7.144) 
||[v? 2 (a), < <Wi/ 2 for all a £ ip n +i,oo(Gn+i) (e 7.145) 

(Note that Ki{C n+ \) is finitely generated). 

Note that, by (le 7,142p . we may also assume that 

Bott(^i,u n+1 i;*)|p n = ^ott{v* n ipiv ni vlv n+ i)\ Vn = Bott(v?2,<u n+1 )|p n . (e 7.146) 

In particular, 

hotti{v* n f 1 v n ,v* n v n+l )(x) = botti(^2,u*u n+1 )(x) (e 7.147) 

for all x G Vn+i,oo(^i(C„, + i)). 

By applying 10.4 and 10.5 of [33J, without loss of generality, we may assume that pi and v n 
define 7n £ HomA(K(C' n+ i), if (M^^)) and [7To] o 7n = [idc n+1 ]. Furthermore, by 10.4 and 10.5 
of [33], without loss of generality, we may assume that 

r(log((/? 2 ° V , n+i,oo(^')*^Vi ° ipn+i,oo(zj)v^)) < 5 n+1 , j = 1, 2, r{n), (e7.148) 
where {z\, z%, z r (^} C U(Mk(C n+ i)) which forms a set of generators of Ki(C n+ i) and where 

k 



v n = diag(f n ,f n , ...,v n ). 

Let if n = [</?„+i](if (C n+ i))- Since U n=1 [<p n+ i t00 ](K(C n )) = K(C) and [tt ] o 7n = [id Cn+1 ], 
we conclude that 

K{M^ 2 ) = K{SA) + U~ l7n (ff n ). (e 7.149) 
Thus, by passing to a subsequence, we may further assume that 

j n+1 (H n ) C K(SA) + 7n+2 (H n+1 ), n = l,2,.... (e7.150) 

By identifying ii n with 7n+ i(ii n ), we may write j n : if (Svl) © H n — > if (SA) © H n+ \. By 
()e 7.149p . the inductive limit is if (M yii y 2 ). 

From the definition of 7n , we note that, 7n — 7n +i ° [V'n+i] maps K_(C n+ i) into K(SA). 

By 10.6 of [33J, r(Bott(^i,i; n t;* +1 ))|ij- r! = ( 7n+i - 7n+2 o {tp n+2 \)\H n gives a homomorphism 
£ n :H n ^ K{SA). Put C„ = ln+x\ Hn - Then 

j„(x,y) = (x + e„(y),[Vn+ 2 ](y)) for all (x, y) £ K(SA) © H n . (e 7.151) 

Thus, we obtain the following diagram: 

0^ K(SA) -» if^SA)©!^ -> F n -+0 



-2) 



I! k/gn -L[^n+2] J'tV'rH 

0^ £(SA) -> K{SA)®H n+l -> ff n+1 -»0 

1/ £„+ll[V>n+3] i[^Tl 



0^ £(SA) -> K(5A)©i/ n+ 2 -» #n+2 -»0 
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By the assumption that R<p uV>2 = 0, 9 also gives the following 

keri?<p liV , 2 = kerpA © K\(C). 
Define 9 n = 9 o [VVi+2,00] and k„ = Cn — 9 n . Note that 

n = 9 n+1 o [^ n+2 ]. (e 7.152) 

We also have that 

Cn - Cn+1 bPn+2] = Cn- (e 7.153) 

Since [ttq] o (Cn — n ) = 0, K n maps -ff n into -ftT(iM). It follows that 

K n - K n+ i o [lp n+2 ] = (n-9 n - Cn+1 ° [^n+2] + #n+l o [^ n+2 ] 

= Cn - Cn+1 ° bPn+2\ = Cn (e 7.154) 

It follows from 10.3 of [33] that there are integers Ni > 1, a ^^-VVt+i(^n+i)-niultiplicative 
contractive completely positive linear map L n : VVi,oo(C n+ i) — ► Mi + N 1 (M lfil ^ 2 ), a unital ho- 
momorphism ho ■ ?/4+i,oo(Cn+i) — ► Mjv^C), and a continuous path of unitaries {V n (t) : i G 
[0,3/4]} of M 1+JVl (A) such that [L n ]\v n+1 is well defined, 14(0) = l Ml+Nl (A), 

[L n oip]\ Vn = (9 o [Vw+oo] + [ho ° ^n+i,oo])|p n , (e 7.155) 

7Ti o L„ o Vn+l.oo ~5 n+1 /4 ad V^(t) o (((^ o ^n+l.oo) © (ho O Vn+l,oo)) (e 7.156) 

on Vn+l,oo(^n+l) for all t G (0,3/4], 

TT t o L„ o Vn+l,oo ~<5 n+ i/4 ad 14(3/4) o ((^ o t/Vi+I.oo) © (^0 VVi+l,oo)) (e 7.157) 

on Vn+l,oo(^n+l) for all t G (3/4, 1), and 

7Tl o L n o ^n+l,oo ~5 n+ i/4 ¥>2 ° V'n+l.oo © h o l/j n+1)00 (e 7.158) 

on Vwi,oo(^n+i)> where ixt '■ M 9lt( p 2 — > A is the point-evaluation at i G (0, 1). 

Note that R ipitV2 {9(z)) = for all x G (^ n+ i j00 (Ki(C ri -|_i)). As computed in 10.4 of [33] . 

r(log(( V 9 2 (z)ffi/ l0 (z)*14,(3/4)*( v3l (z)ffi ^0(^)^.(3/4))) =0 (e 7.159) 

for z = ip n+ % i0a (y), where y is in a set of generators of Ki(C n +\) and for all r G T(A). 

Define W n = daig(v n , 1) G Mi+jv^A). Then Bott( (<? 1 © hp ) o V„+i,oo, W^(y n (3/4)*) defines 
a homomorphism K n G Hom A (^(C„ + i), K(SA)). By (le 7.148P 

r(log((v? 2 © h ) o Vn+l,oo(^)*K*(<^l © h ) o 1p n +l,oo(Zj)Vn)) < <Wi, (e 7.160) 

j = 1, 2, r(n), where V n = diag(14,l). Then, by (|e 7. 1591) . using exactly the same argument 
from (je 7.126p - ([e 7.130p . we compute that 

p A (R n (zj))(T) < <5„+i, i = 1,2, .... (e 7.161) 

It follows from 16.31 that there is a unitary G ?7(.A) such that 

|| [y>i (a), <]|| < S' n+1 /4 for all a G Vn,oo(0n) and (e 7.162) 

Bott(</?i o ip n ,oo, w' n ) = -kn o [ip n \. (e 7.163) 
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By fleHHD, 

Bott(<^ 2 ^n,oo, v*w' n v n )\ Vn = -Kn o [ip n ]\ Vn . (e 7.164) 

Put w n = v*w' n v n . 

It follows from 10.6 of 1 33] that 



r(Bott(<pi oif) n>00 ,w' n )) = -K n and r(Bott(<pi o ip n>00 , v/ n+1 )) = -K n +l- (e 7.165) 
We also have 

r(Bott(<pi oip nt00 ,v n v* +1 ))\ Hn = Cn ~ Cn+1 ° [ipn+2} = in- (e 7.166) 
But, by (|e 7.154|) . 

(~«n + in + Kn+l [V'n+l]) = 0. (e 7.167) 

It follows from (je 7.1650 . (le 7.1661) . (le 7.167|) and 10. 6 of [33jthat 

- Bott(^i o ip n>!X> , w' n ) + Bott(^i o ^„ i00 , v n v* n+l ) + Bott(^! o -0 n ,oo, u4+i) = 0. (e 7.168) 
Define u n = v n w^, n = 1,2, .... Then, by (je 7.1430 and (je 7.1620 . 

adu„ o yjj cp 2 for all a G ip n ,oo(Gn)- (e 7.169) 
From (je 7.1460 . (|e 7.1420 and (je 7.1680 . we compute that 

Bott(</3 2 ^,oo,«n«n+l) (e 7.170) 

= Bott(v? 2 tpn,oo,W n VnVn+lWn+l) (e 7.171) 

= Bott(v? 2 ° ^ n ,oo,W n ) + Bott((/? 2 1pn,ao,V* v n+l) (e 7.172) 

+Bott(y? 2 O 1p n ,oo,Wn+l) ( e 7.173) 

= BottOi oip nj00 ,w' n ) + Bott(^i oip nj00 ,v n+1 v^) (e 7.174) 

+Bott(<pi o ij} n>0O , (w' n+1 )*) (e 7.175) 

= -[-Bott(^i oip ni00 ,w' n ) + Bott(<^i oip nt00 ,v n v^ +1 ) (e 7.176) 

+Bott((^i o Vn,oo, w n+ i)] (e 7.177) 

= (e 7.178) 

Therefore, bv !2,16j there exists a piece-wise smooth and continuous path of unitaries {z n (t) : 
t G [0,1]} of A such that 

z n (0) = 1, z n (l) =u* n u n+ \ and (e 7.179) 

||[<y92(o), Zn(t)]\\ < l/2 n+2 for all a G J- n and t G [0,1]. (e 7.180) 

Define 

u(t + n-l) = u n z n+ i(t) t G (0, 1]. 

Note that u(ra) = for all integer n and {u(t) : t G [0, 00)} is a continuous path of unitaries 
in A. One estimates that, by (je 7.1690 and (je 7.1800 . 

adu(i + n — 1) o (pi ks^ ad o 992 (e 7.181) 

ss 1/ / 2 «+2 9?2 on JF„ (e 7.182) 

for all t G (0, 1). It then follows that 

lim u*{t)ipAa)u(t) = ip 2 (a) for all a G C. (e 7.183) 

t— »oo 

□ 
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8 The range of asymptotic unitary equivalence classes 

Definition 8.1. Let C be a unital C*-algebra for which T(C) / 0. Denote by T f (C) the set of 
faithful tracial states. 

Let A be another unital C*-algebra with T(A) / 0. Let re G KK e (A, B) ++ , 7 : r(A) 
Tf(C). We say that 7 is compatible with re if for any projection p G M/~{C) and r G 
l( T )(p) = t ( k ([p]))- Let 7* : Aff(T(C)) — > Aff(T(A)) be the continuous affine map induced by 
7, i.e., 

7*(/)(r) = /(7(r)) for all / G Aff(C(C)) 



and for all r G T(vl) . If 7 is compatible with re, denote by 7* : AS(T(C))/p c (K (C)) -» 
AS(T(A))/p A (K (A)) the map induced by 7*. Let a : U(C)/CU(C) -► C/(A)/CC/(^) be a 
homomorphism. We say a is compatible with re, if a(Uo(C)/CU(C) C Uo(A)/CU(A) and 
gi o a(n) = re([n]) for any unitary ti G f/(-A), where gi : U(A)/CU(A) — > K\(A) is the quotient 
map. 

Now uppose that K\{C) = U{C)/Uq{A) and suppose that A is a unital simple C*-algebra 
with TR(A) < 1. We say a, 7 and re are compatible if a and 7 are compatible with re and 

A,4 o a o A^ 1 = 7*. 

Note that if u = flfcLi ex P(^fc)) where /ifc G C s . a ., then u G CU(C) if and only if X^fcLi T (^j) = 
for all t G T(C), j = 1, 2, to. 

8.2. Let X be a compact metric space and let C = PM k {C(X))P, where P G M fc (Cpf)) is a 
projection, and let A be a unital simple C*-algebra with stable rank one. Let 7 : T(A) — ► Tt(C)) 
be a continuous affine map. For any r G T(j4), and open subset O C X, define fijf T \(0) = 
sup{7(r)(/) : < / < 1 supp(/) C O}. Since j(T(A)) is compact, we conclude that 

inf ti^( T \(0) > 

t€T(A) A ; 

for any non-empty open set O C X. 

Fix a G (0, 1). There are finitely many points xi,X2, ■ ■■,x m G X such that U r £ =l B(xi,a/2) D 
X. Let O a be an open ball with radius a. Then O a D B(xi, a/2) for some i. Define 

A i(a) = mi? { u^ T) (B(xi, a/2))}. 

Lemma 8.3. Xei C G Co anc? tei A be a unital separable simple C* -algebra with TR(A) < 
1. Suppose that re G KK e (C, A) ++ , 7 : T(.A) — > ?f(C) zs a continuous affine map and a : 
U(C)/CU(C) — > U(A)/CU(C) is a homomorphism for which 7, a and re are compatible. 

Let e% > 0, e2 > 0, 7/ > 0, H C C s . a 6e a /mite subset and let U C f7(M 00 (C)) 5e a /mite 
subset. Then there exists a unital monomorphism h : C — > yl saca mai 

[/i] = re in KK{C,A), (e 8.184) 

sup |r o /t(a) — 7(r)(a)| < ei /or all a £ 7i, and, (e 8.185) 

reT(A) 

dist(/it(z),a(z)) < e 2 for all z £U, (e8.186) 

Moreover, we may also require that 

Proh(O a ) > 3Ai(a)/4 for all a > 77 

/or a// t G T(j4), where O a is an open ball of X with radius a and Ai : (0, 1) — ► (0, 1) is given 
in \8.B and where the measure [i TO h is defined as in 10.9 of |36j. 
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Proof. The most part of the proof of this lemma is contained in that of 15.41 For the convenience 
of the reader, we present the proof below. 

As in the proof of 16.31 there is an unital embedding i : B — > A, where B is a unital separable 
amenable simple C*-algebra with TR(B) = 0, such that [i] G KK e (B , A) ++ is an invertible 
element. Therefore there is kq : KK e (C, B) ++ such that 

k = [i] X k in KK(C,A). 

We write C = PM r (C(X))P, where X is a connected finite CW complex as described in 15.31 
r > 6 and P G M r (C(X)) is projection. 

Let ei > 0, £2 > 0, k, TC and U be given. We may assume that t\ < €2/2-11. Denote 
by U the image of U in U{C)/CU{C). Write U(C)/CU{C) = U {C)/CU{C) © K X {C). Let 
7Ti : U(C)/CU{C) -> U (C)/CU(C) and ^ 2 : U{C)/CU{C) -» 1T_i(C') be two fixed projection 

maps. Let Wo C C s . a be a finite subset so that the image of TCq in AE(T(C)) / pc(Ko(C)) 
containing Ac(ni{U)). Let Hi = W U Ho- To simplify notation, without loss of generality, we 
may also assume that U = n\{U) U vr 2 (^). Let <5i > (in place of 5) be required by Lemma 7.4 
of [31] for £2/2 (in place of e), U and a. 

By 16.21 there is a projection p$ £ A, a finite dimensional C*-subalgebra F C A with 
= 1—po and unital monomorphism ho : C —* po^Po an d a unital homomorphism h\ : C ^ F 
such that 

[/i + /tj] = « and r(p ) < min{ei/4, (e 8.187) 

for all r € T(.A). It is easy to find a projection eo G (1 — po)A(l ~~ Po) such that eo commutes 
with every element in F and 

r(eo) < min{ei/4,5!/4} for all r E T(A). (e 8.188) 

Let /i^o = eo/ii and = (1 — po — eo)hi. 

It follows from Lemma 9.5 of [3l] that there is a C*-subalgebra Bq C (1— po — eo)A(l— po — eo) 
for which Bq £ I and there exists a unital homomorphism hi : C — » Bq such that 

(/i 2 )*0 = (h lt iU and |ro^ 2 (/)-r(l-po-eo)7(r)(/)| < ei/4 (e 8.189) 

for all f€Hi and for all r G T(A). 

Now define ifQ = h±fi and tpi = ho © /t2- Note that y?o is homotopically trivial. By applying 
Lemma 7.4 of [31] . we obtain a unital homomorphism : C — ► eoAeo such that 

$*o = ^*o, a(u;)" 1 (#ffi^i) :t ('il;) = 5™, (e8.190) 

where G J7o(A) and eel < £2/2 for all w G ^{U) and $ is homotopically trivial. Now 
define h = $ + <pi. Then clearly 

[h] = [h + ht] = K in KK(C, A). (e 8.191) 

We also have 

\r o h(f) - j(r)(f)\ < |ro/ l (/)-r(l-p -eo)7(T)(/)|+e 1 /2 (e8.192) 

< ei/4 + ei/2 < 3ei/4 for all r G T(A) (e8.193) 

and for all / G H\. In particular, for all x G A'^ 1 (Ho), 

dist(fc*(a;),a(a;)) < e 2 (e 8.194) 
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(see I2.2p . Combining this with (|e 8.190|) . we have, for all uu £U, 

dist(/i t (w),a(w)) < e 2 . (e 8.195) 

We note that the last part of the lemma follows by choosing smaller ei and larger 7i. 

□ 

Lemma 8.4. Let C £ Co and let A be a unital separable simple C* -algebra with TR(A) < 
1. Suppose that k G KK e (C, A) ++ , 7 : T{A) — > Tf(C) is a continuous affine map and a : 
U(C)/CU(C) — > U(A)/CU(C) is a homomorphism for which 7, a and k are compatible. Then 
there exists a unital monomorphism h : C — > A such that 

[h] = k in KK(C,A),Toh(f) = /(t(t)) for all f G C s , a and h x = a. 

Proof. Let A = Ai/2 be as in 18.21 associated with 7. 

Let {e n } be a sequence of decreasing positive numbers with lim n ^ 00 e n = 0, {Tt n } be an 
increasing sequence of finite subsets of C s , a such that the union is dense in A SM . and {U n } be 
an increasing sequence of finite subsets of U(C) such that the union is dense in U(C). Let {r] n } 
be another sequence of decreasing positive numbers such that bim^oo rj n = 0. 

It follows from 18.31 that there exists a sequence of unital monomorphisms h n : C — > A such 
that 

[h n ] = /tin KK(C,A), (e 8.196) 

|ro/ ln (/)- 7 (r)(/)| < e n (e8.197) 

for all r G and for all / G W n , and 

AW n (O a ) > A(a) for all r G (e 8.198) 

and for any open ball with radius a > r/ n . Moreover, 

dist(fr* (>),«(>)) < e n (e 8.199) 

for all w £ U n . 

Let {^"n} be an increasing sequence of finite subsets of C such that the union is dense in C. 
It follows from 10.10 of [36] that there exists a subsequence {n(k)} and a sequence of unitaries 
{u n } C A such that 

adu fc o h n ( k+1 ) «]y 2 * ad-u fc _! o /i n(A;) on J^ fc , (e 8.200) 

n = 1,2, .... It follows that {adttfc o /i n (fc + i)} is a Cauchy sequence. Therefore it converges. Let 
h be the limit. It is then easy to check that h meets all requirements. 

□ 

Lemma 8.5. Let C G C and let A be a unital separable simple C* -algebra with TR(A) < 
1. Suppose that k G KL e (C, A) ++ , 7 : T(A) — > T{C) is a continuous affine map and a : 
U{C)/CU{C) — > U(A)/CU(A) is a homomorphism for which 7, a and k are compatible. Then 
there exists a unital homomorphism h : C — > A such that 

[h] = ft in KL(C,A), hx = 7 (t) and = a. 
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Proof. We may write that C = lim n _> 0O (C' n , <p nn +l)i where C n is a finite direct sum of C*- 
algebras in Co and each <p n is unital and injective. 

Let K n = k o [<p nt0a ], a n = a o pi and j n = {<p n ,ao)T 7> where [(p n ,oo] G KK(C n ,C), 
^n,n+i : U{C n )/CU(C n ) -> U(A)/CU(A) and (^„ i00 )t are induced by <p nj00 . 

It follows from 18.41 that there are unital monomorphisms ip n : C n — * A such that 

[ip n ] = K n in KK(C n , A), ^ = o n and (e 8.201) 

(Vn)T = 7n- (e 8.202) 

In particular, 

[V>n+1 ° ¥>n,n+l] = «n> = and (V'n+l V^n+^T = (VVi)t- (e 8.203) 

Let {^n} be an increasing sequence of finite subsets of C whose union is dense in C. Without 
loss of generality, we may assume that there is a finite subset T' n C C n such that Vn.ooO^n) = -^m 
n = 1,2, .... Note that <p n ,n+l C^) C ^+1' n = 1 ' 2 ' •- 

It follows from Corollary 11.7 of [36] that there is a subsequence {n(k)}, a sequence of 
unitaries {u^} C A such that 

adu fc o Tp n{k+1) o <p n ( fc ) )Tl (fc +1 ) « 1/2 fc adn n _i o ^ n(fc) on J^ (fe) , (e 8.204) 

A; = 1,2,.... 

Thus one obtains a unital homomorphism h : C — * A so that 

= lira adu fc o Vn(fc),n(fc+i) ° <Pm,n(k)(f) (e 8.205) 

AC — >00 

for all / G C m , m = 1, 2, .... It follows that 

[ft] = « /i* = a and (e 8.206) 

rofr(/) = /( 7 (r)) (e 8.207) 

for all r G T(A) and all / G C s . a .. 

□ 

Theorem 8.6. Let C G C and let A be a unital separable simple C* -algebra with TR(A) < 
1. Suppose that k G KK e (C,A) ++ , 7 : T(A) — > T(C) is a continuous affine map and a : 
U(C)/CU(C) — > U(A)/CU(A) is a homomorphism for which 7, a anri k are compatible. Then 
there exists a unital homomorphism h : C —* A smc/i i/iaf 

[/i] = k in KK(C,A),to h(f) = /(7(r)) /or a// / G C s , a and /i* = a. 

Proof. Denote by 7t the image of k in KL{C, A). It follows from !8.5l that there is unital monomor- 
phism (p : C —* A such that 

[p] =7e, ^ = a and (e 8.208) 

r o p( c ) = 7(r)(c) for all r G T(A) (e 8.209) 

and for all c G C s . a . . Regarding <p(C) as a unital C*-subalgebra of A. It follows from Theorem 
5.4 of [31] that A is tracially approximately divisible. Note, by the UCT, that k — [92] G 
Pext(K*(C), K*+i(A)). It follow from !6.4l that A has property (Bl) and property (B2) associated 
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with C. By Theorem 3.15 of [39], there is a unital monomorphism an d a sequence of unitaries 
{u n } C A such that 

[V> o<p]-[<p]=K - [<p] in KK(C,A) and (e 8.210) 

lim adu n o ^»(c) = ipQ o 99(c) for all c G C. (e 8.211) 

Define h = ipo o p. Then [/i] = k in KK(C, A). By (je 8.2111 we still have that 

h* = ijr and r o /i(c) = 7(7") (c) 
for all c G C s<0 . and for all r G T(A). 

□ 

9 Rotation maps 

The following follows from a result of K. Thomsen. 

Lemma 9.1. Let A be a unital separable simple C* -algebra with TR(A) < 1. Suppose that 
u G CU(A). Then, for any piece-wise smooth continuous path {u(t) : t G [0,1]} with u(0) = u 
and u(l) = 1a, 

R A ({u(t)}) G p A (K (A)) in Aff(T(A)). 

Proof. It follows from Corollary 3.5 of [38] that the map j : u 1— ► diag(ii, 1, 1, 1) from t/(^4) 
into f7(M n (A)) induces an isomorphism from U(A)/CU(A) to J7(M n (A))/CJ7(M n (A)). Then 
the lemma follows from Lemma 3.1 of |45j (see also Theorem 3.2 of |45j ) . 

□ 

Lemma 9.2. Let A be a unital simple C* -algebra with TR(A) < 1. Let C be a unital separable 
C* -algebra with K\(C) = U(C)/Uq(C). Suppose that p,ip : C — > A are two unital monomor- 
phisms such that 

[tp] = [ip] in KK(C,A), (e 9.212) 

Pt = ipT and P^ = ip • (e 9.213) 

Then 

R^ G Hom(K 1 (C),p~ A jK^Aj)). 
Proof. Let z G K\{C) be represented by a unitary u. Then by (je 9.213j) . 

p{u)^j(u)* G CU(A). 

Suppose that {u(t) : t G [0,1]} is a piece-wise smooth continuous path in U(A) such that 
u(0) = p(u) and u(l) = rp(u). Put w(t) = rp(u)*u(t). Then w(0) = i(u)*<p(u) G Cf7(A) and 
w(l) = 1 A . Thus 

R^{z)(t) = 1-J\(^u*(t))dt (e9.214) 
= h jy Wur ^ U * m{u))dt (e9 ' 215) 

= hSl T{d ^ w{t))dt (e9 - 2i6) 
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for all r G T(A). ByEH 

R^A Z ) G pa(K (A)). 

It follows that G Rom^K^C), p A (K (A))). 

□ 

Definition 9.3. Let A be unital C*-algebra, let C C A be a unital C*-subalgebra. Denote 
by Inn(C, A) the set of those monomorphisms ip for which there exists a sequence of unitaries 
{«„} G ^4 such that 

?/>(c) = lim u* n cu n for all c G C. 



Theorem 9.4. (Theorem 4.2 of |39j) Let A be a unital C* -algebra, let C be a unital separable 
simple C* -subalgebra of A and denote by i the embedding. Suppose that A has a positive element 
b G A with sp(b) = [0, 1], that A has property (Bl) and property (B2) associated with C (see 4-4 
of !l39\j). For any A G Hom(Ko(C), pa(Kq(A))), there exists ip G Inn(C, A) such that there are 
homomorphisms Q{ : Ki(C) — ► Ki(M hV ) with (iro)^ o0i = id^-vc), i = 0, 1, and the rotation map 
: K X (C) -» Aff(T(A)) is given by 

^, v {x) =P^(c-0i((7r o )*i(x)))+Ao(7r o )*i(x))) /or a// a? € #i(M,, a ). (e9.217) 

In oi/ier words, 

M = [,] in KK(C,A), 
and the rotation map R lttp : K\(M lt p) — ► Aff(T{A)) is given by 

Ri,tp[a, b) = pa{cl) + X(b) 

for some identification of K\(M Xil n) with Kq(A) © K\{C). 

Proof. This is proved in Theorem 4.2 of [39J. In the assumption of Theorem 4.2 of [39J, it is 
assumed that pa(Kq(A)) is dense in Aff(T(A)). However, in fact, it is X(Ki(C)) C pa{Kq(A)) 
that is used. 

□ 

Definition 9.5. Let A be a unital C*-algebra, and let C be a unital separable C*-algebra. De- 
note by MonJj Sn (C, A) the set of asymptotically unitary equivalence classes of unital monomor- 
phisms from C into A. Denote by K the map from Mon^ su (C, A) into KK e (C,A) ++ defined 
by 

if ^ [p] for all <p G Mon e asu (C,A). 

Let re G KK e (C,A} ++ . Denote by (re) the classes of ip G Mon^ su (C, A) such that K(cp) = n. 

Denote by KKUT e (A,B) ++ the set of triples (re, a, 7) for which re G KK e (A, B)++, a : 
U(A)/CU(A) -> U{B)/CU(B) is a homomorphism and 7 : T(5) -» T(A) is an affine con- 
tinuous map and a, 7 and re are compatible. Denote by ^ the map from Mon^ sn (C, A) into 
KKUT(C,A) ++ defined by 

p h- (M,^,^ T ) for all <p G Mon^ u (C, A). 

Denote by (re, a, 7) the subset of y> G Mon^ su (C, A) such that &(</?) = (re, a, 7). 
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Theorem 9.6. Let C and A be two unital separable simple amenable C* -algebras with TR(A) < 
1. Suppose that <pi, (p%, (ps : A — ► B are three unital monomorphisms for which 

M = M = ba] m KK(A, B) (e 9.218) 

(<Pi)t = (<P2)t = (<P3)t (e 9.219) 

T/ten 

Ripi,<P2 + Rf2iV3 = Rpiws- (e 9.220) 

Proof. Let #i : K\{C) — > Ki(M (pi)tf2 ) such that (tto)*i o #i = id^^ and let 02 : -Ki(C) ~~ *• 
sucn that (7To)*i o 6*2 = idx-^c)- Define 6> 3 : i^i(C) — > K^M^^o^) as follows: 
Let fc > be an integer and u G Mk(C) be a unitary. 
We may assume that there is a unitary w(t) E Mk(M vliV2 ) such that 

io(0) = = V2(«0i K] = M in lCi(A) (e 9.221) 

and 6»i(M) = [w(t)\ in K X {M^ 2 ) (e9.222) 

for some unitary w' G Mk{C). To simplify notation, without loss of generality, we may assume 
that there are hi, h 2 , h n G Mk{C) s , a . such that 

n 

u*u' = Y[ exp{ihj). 

Define z(t) = u \[ n j=l exp(hjt) (t G [0,1]). Consider {ipi(z(t)) : t G [0,1]}. Then 

(pi(z(0)) = (fi{u) and (fi(z{l)) = <fi{u'). 
Moreover, (by Lemma 3.1 of [35], for example), 

3=1 

for all r G T(A). Consider Z(t) = (fi 2 {z{l - t)). Then 

Z{0) = <p 2 (u') and Z(l) = V2 (u). 

jf t ^^W " = " E ^i)) 

for all r G T(A). Note that 

T((p 2 (hj)) = T((pi(hj)) for all r G T(B), j = l,2,...,n. 

It follows that 

n ^ ¥>i («(*)) J r ( ^ ¥>2(*(l-t)) )dt = 

for all t£T(4 

Therefore, without loss of generality, we may assume that u = v! in (je 9.22ip . We may also 
assume that both paths are piecewise smooth. 
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We may also assume that there is a unitary s(t) £ Mk(M V2t!fi3 ) such that 

8(0) = cp 2 (u),s(l) = <p 3 (u) in K X (A) (e9.223) 

and 6 2 {[u)) = [s(t)} in ifi(M WiM ). (e 9.224) 

Define #3 ([it]) = [v], where 

|»(2 t ) if te [0,1/2) 
\«(2(t- 1/2)) if t€ [1/2,1], 

Thus #3 gives a homomorphism from Ki(A) to Ki(M vliV3 ) such that (7To)*i °#3 = id^M)- Then 

*Ws(03(M))(r) = ^ j\( d ^v(ty)dt (e9.226) 

= _L f 1 '\(^^ w {2tY)dt + (e 9.227) 
27ri Jo 

1 f 1 f ds(2(t-l/2)) 1/9 ^* w , / Q998 ^ 

2tt7 Jx 2 dt s(2(t - 1/2)) )dt (e 9.228) 

= fl^a oOq([u])(t) + iWs °0i([u])(t) (e9.229) 

(e 9.230) 



for all r £ T(5). Thus (|e 9.2201) holds. 



□ 



Lemma 9.7. Lei A and Zei .B 6e iu/o unital separable simple amenable C* -algebras with TR(A) < 
1. Suppose that f>i,<p 2 : A^> B are two unital monomorphisms such that 

[ipi] = [<p 2 ] in KK(A,B) and ((pi)r = (¥>2)t- 

Suppose that ((p 2 )x '■ T(B) — > T(A) is an affine homeomorphism. Suppose also that a G Aut(B) 
with 

[a] = [ids] in KK(B,B) and ay = idr- 

T/ten 

= Rid B , a (V2)*i +^i,^ 2 (e 9.231) 

zn Hom(if 1 (i),i#(T( J B)))/7lo. 
Proof. By 19.61, we compute that 

■^(pi ,cxo(f2 — ■^ , <p\, ( P2 -^(p2 ,& oi p2 (e9.232) 
= ^1,9=2 + R id B ,a (P2)*i- (e 9.233) 

□ 

Theorem 9.8. Let C € M be a unital simple C* -algebra with TR(C) < 1 and let A be 
a unital separable simple C* -algebra with TR(j4) < 1. Then the map & : Mon^ sn (C, A) — ► 
KKUT(C, A) ++ is surjective. Moreover, for each (ac, 0,7) € KKUT(C, A) ++ , there exists a 
bisection 

»/:(«, a, 7) - Hom(^(C),p^(K (A)))/K . 
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Proof. It follows from 18.61 that & is surjective. 

Fix a triple (n, a, 7) S KKT(C, A) ++ and choose a unital monomorphism (p : C — > A such 
that [</?] = k, = a and </?t = 7. If </?i : C — > A is another unital monomorphism such that 
R(<pi) = R((p). Then bvl931 



R vm £ Hom(ifi(C),pA(ifo(^)))/^Q. 



Let A G Horn (if 1 ((7), p^4 (if o(^4))) be a homomorphism. It follows from 16.41 that A has property 
(Bl) and property (B2) associated with C. By applying 19.4^ we obtain a unital monomorphism 
ip e Inn(y>(C), .A) with o y>] = [yj] in KK(C,A) such that there exists a homomorphism 
9 : Ki(C) -> ifi(M^o V ) with (7T )*i o = id Xl(c) for which R^ otp o 6 = X. Let = ip o (p. 
Then i?^ o 6* = A. Note also since tp € Inn(<^(C), A), = and /?t = ¥>t- In particular, 
il(/3)=i%). 

Thus we obtain a well-defined and surjective map 



t? : (M,^t> -> Hom(K 1 (A),p A (K (A)))/n . 

To see it is one to one, let ipi , (p% : C — > A be two unital monomorphisms in ([<p],<P^,<Pt) 
such that 



+ R? m (e 9.234) 

= -R<p m +R vm =0- (e 9.235) 



Then, byES 



It follows from 17.21 that if \ and cp2 are asymptotically unitarily equivalent. 



□ 



Definition 9.9. Denote by KKUT^ 1 (A, A) ++ the sub group of those elements (k, a, 7) G 
K K UT e (A, A) ++ for which i^k^a) ls an isomorphism (i = 0,1), a is an isomorphism and 7 
is a affine homeomorphism. Denote by r/;d A = 7 ?l^ i d A ] id* (idA)-r)' 

Denote by (id^) the class of those automorphisms ip which are asymptotically unitarily 
equivalent to id^. Note that, if ip € (id^), then tp is asymptotically inner, i.e., there exists a 
continuous path of unitaries {u(t) : t £ [0, 00)} C A such that 

ip{a) = lim u(t)*au(t) for all a£ A 

t— »oo 

Corollary 9.10. Lei A d J\f be a unital simple C* -algebra with TR(A) < 1. T/ien one /ms £/ie 
following short exact sequence: 



Hom(ifi(A),p A (if (A)))/^o ^ 4 Aut(A)/(id A ) 4 ifiTC/r- 1 (A,A) ++ -> 0. (e 9.236) 
in particular, if cp, tp G Aui(yl) smc/i i/tai 

i%) = it(^) = #(id A ), 

T/ien 

??id A (v o v) = ??id A (<^) + Vid A W- 
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Proof. It follows from [8U1 that, for any (n, a, 7), there is a unital monomorphism h : A —* 
j4 such that = («, a, 7). The fact that k G -ftT-ftT" 1 ^, A) ++ implies that there is k\ G 

M,T 1 (i,A)++ such that 

K X Ki = Ki X K = [id^]- 

By 18.61 choose h\ : A ^ A such that 

It follows from Corollary 11.7 of |36j that h o h\ and h o hi are approximately unitarily 
equivalent. Applying a standard approximate intertwining argument of G. A. Elliott, one obtains 
two isomorphisms tp and (p~ 1 such that there is a sequence of unitaries {u n } in ^4 such that 

<p(a) = lim adti2n,+i /i(a) and ip^ 1 (a) = lim &du2 n °hi(a) 

for all a£ A Thus [y>] = [h] in KL(A,A) and = /i* and </?t = hr- Then, as in the proof of 
18.61 there is ■i/'o G Inn(A, A) such that [?/>o op] = [id^] in KK(A, A) as well as (-00 f)^ = h* 
and (tpo o (^)t = hr- So we have /i G A<ut(A, ^4) such that ^(/i) = (k, a, 7). 

Now let A G Hom(iTi(C), A£(T(A)))/n . The proof ES says that there is Voo G E5(A,A) 
(in place of ■0) such that ^(V'oo o id^) = ^(idx) and 

-KidAjV'oo = ^- 

Note that f/'oo is again an automorphism. 

The last part of the lemma then follows from 19.71 

□ 



10 Strong asymptotic unitary equivalence 

Let (pi,<fi2 '■ C — ► A be two unital monomorphisms which are asymptotically unitarily equivalent. 
A natural question is: Can one find a continuous path of unitaries {u t : t G [0,oo)} of A such 
that 

uo = 1a and lim ad ut o <pi(a) = ^2(0,) for all a G A? 

t^oo 

It is known (see section 10 of |33j ) that, in general, unfortunately, the answer is negative. 

Definition 10.1. (Definition 12.1 of [33]) Let A and B be two unital C*-algebras. Suppose that 
(fi,(f2 '■ A — > B are two unital homomorphisms. We say that <pi, <p '2 are strongly asymptotically 
unitarily equivalent if there exists a continuous path of unitaries {ut : t G [0, 00)} of B such that 

uo = 1b and lim adut o 921(a) = 922(0) for all a. 



Definition 10.2. (Definition 10.2 of [33J and see also [29]) Let A be a unital C*-algebra and 
B be another C*-algebra. Recall (|29j) that 

ffi(tf (A),tfi(fl)) = {x G Ki(B) : <p([l A ]) = x, ip G Hom(^ (A), K^B))}. 

Let us quote the following: 
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Proposition 10.3. (Proposition 12.3 of [33J) Let A be a unital separable C* -algebra and let B 
be a unital C* -algebra. Suppose that ip : A — > B is a unital homomorphism and u G U(B) is a 
unitary. Suppose that there is a continuous path of unitaries {u(t) : f S [0, oo)} c B such that 

u(0) = 1b and lim adn(t) o <p{a) = adu o ipia) (e 10.237) 

for all a £ A. Then 

[u] G H X (K Q (A),K\{B)). 

Lemma 10.4. Let C = lim n ^ 00 (C n , ip n ), where C n is a finite direct sum of C* -algebras in Coo 
and ip n is unital and injective, and let A be a unital separable simple C* -algebra with TR(A) < 1. 
Suppose that (pi,(p% ■ C — > A are two monomorphisms such that there is an increasing sequence 
of finite subsets T n C C whose union is dense in C, an increasing sequence of finite subsets 
{'Pn} of K\(C) whose union if K\(C), a sequence of positive numbers {5 n } with Y^nLi < 1 
and a sequence of unitaries {u n } C A, such that 

adu n o(fi &s n ^2 on T n and (e 10.238) 

PA(botti(</?2> y* n u n+ i){x) = for all x G V n . (e 10.239) 

Then, we may further require that u n G Uq(A), if H\{Kq(C), K\(A)) = K\(A). 

Proof. Let x n = [u n ] in K\{A). Then, since K\(A) = H\{Kq{C), K\(A)), there is a homo- 
morphism K n fl ■ Kq{C) — > K\(A) such that «n,o([lc]) = ~~ x n- By the Universal Coefficient 
Theorem, there is n n G KK(C, A) such that 

( K n)k (C) = K n,o and (Kn)ki(c) = °- (e 10.240) 

There is, for each n, a positive number rj n < 5 n , such that 

adunoy?! tt Vn (p 2 on T n . (e 10.241) 

It follows from 16.31 that, there is a unitary w n G U(A) such that 

II [Ma], Wn\ II < (<5n — r ?n)/2 for all a G J- n and (e 10.242) 

Bott(<£> 2 ,Wn) = K n . (e 10.243) 

Put v n = u n w n , n = 1,2, .... Then, we have 

ad v n o ipx tt Sn (p 2 on T n and 

PA(botti(^ 2 ,<u n+ i)) = and K] = KJ - x n = 0. 

□ 

Theorem 10.5. Let C be as in \10-4\ an d let A be a unital separable simple C* -algebra with 
TR(A) < 1. Suppose that H\{Kq{C), K\(A)) = K\(A) and suppose that <pi,(f2 : C — > A are 
two unital monomorphisms which are asymptotically unitarily equivalent. Then there exists a 
continuous path of unitaries {u(t) : t G [0, oo)} C A such that 

u(0) = 1 and lim adu(i) o (px(a) = <-P2{a) for all a G C. 
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Proof. By 14.21 we must have 

[<Pi] = [<Pi] in KK(C,A), R V1 , V2 = and 
(<Pi)t = (V2)r- 

By 110.41 in the proof of 17.21 we may assume that v n G Uq(A), n = 1,2,.... It follows 
that £„([lc]) = 0, n = 1,2,.... Therefore K n ([l G ]) = 0. This implies that 7 n o (3([l c }) = 0. 
Hence w n G Uq(A). It follows that u n G Uq(A). Therefore there is a continuous path of unitary 
{U(t) : t G [-1,0]} in A such that 

U(-l) = 1 A and 17(0) = u(0). 

The theorem then follows. 

□ 

Corollary 10.6. Let C be as in 10. 4\ and let A be a unital separable simple C* -algebra with 
TR{A) < 1. Let ip : C — > B be a unital monomorphism and let u £ U(A). Then there exists a 
continuous path of unitaries {U(t) : t G [0, oo)} c A such that 

U(0) = 1b and lim ad £7(0 ° </>( a ) = aduo ip(a) for all a G C 

t— »oo 

*/ and on/y i/ [n] G i7i(if (C), ifi(A)). 

Proof. This follows from 110.31 and the proof of ["10.51 □ 

Corollary 10.7. Let C be as in 10. 4\ with Kq(C) = 7L ■ [lc] © G and let B be a unital separable 
simple C* -algebra with TR(B) < 1. Suppose that <pi,(f2 '■ C — > B are two unital monomorphisms 
such that 

[ipt] = [<p 2 ] in KK(C,B), R vim = and (e 10.244) 

(tp^j, = (ip 2 ) T for all r G T(B). (e 10.245) 

Then there exists a continuous path of unitaries {ut : t G [0, oo)} of B such that 

uo = 1b and lim adut o (pi(a) = ^2(0) for all a £ A. 

Proof. Let x G K\(B). Then one defines 7 : Kq(C) — > K\{B) by 7([lc]) = x and 7|g = 0. This 
implies that 

H 1 (K (C),K 1 (B))=K 1 (B). 
Thus the corollary follows from 1 10. "51 □ 



11 Classification of separable simple amenable C*-algebras 

11.1. Let p be a supernatural number. Denote by M p the UHF-algebra associated with p (see 
[6J). Denote by Q the UHF-algebra with K Q (Q) = Q and [l Q ] = 1. 

Lemma 11.2. 7e£ A be a unital separable simple C* -algebra with TR(A) < 1 and let p be 
a supernatural number of infinite type. Then the homomorphism 1 : a 1— > a (%> 1 induces an 
isomorphism from U (A)/CU(A) to U (A (g> M P )/C£7(A <g> M p ). 
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Proof. There are sequences of positive integers {m(n)} and {k(n)} such that A®Mp = lim r , 
M m (n),i n ), where 

i n : M m(n) (A) -> M m(n+1) (A) 

k(n) 



is defined by i(a) = diag(a, a, a) for all a G M m ( n )(^4), n = 1,2,.... Note, by Theorem 5.8 of 

[20], Ti?(M m(n) (A)) < 1. Let j n : t/(M m(n) (A))/Ctf(M m(n) (A))) -> £/(M w(n+1) (^))/Ci7(M m(n+1) (A)) 

be defined by 

j„(u) = diag(tt, l, 1, ..., 1 ) for all u G J7((M m(n) (A)). 
fe(n)-l 

It follows from Theorem 6.7 of [31] and Corollary 3.5 of [38] that j n is an isomorphism. 
By Lemma 6.6 of |31| . Uo(M m ^ n -j(A)) /CU(M m ^(A)) is divisible. For each n and i, there is a 
unitary J7j G M m ( n+1 ) (A) such that 



U*E 1:1 Ui = Ei,i, i = 2,3,..., k{n), 

' j=(i—l)m(n)+l 



where = Y^J=a-i) m (n)+i and {e;,.,} is a matrix unit for M m(n+1) . Then 



i n (u) = u'U2u'U 2 ■ ■ ■ U^ n) u'U k{n ), 

where u' = diag(u, 1, 1, 1), for all u G M m r n \(A). Thus 

i X n {u) = k{n)j n (u). 

It follows that ii\u (M m(n) (A))/cu(M m(n) (A)) is injective, since U {M m{n+1) (A)) / CU {M m{n+1) (A)) 
is torsion free (see Theorem 6.11 of [31]). For each z G Uo(M m ^ n+ i^(A) /CC/(M m ( n+1 )), there is 
a unitary v G M m ( n+1 ) (^4) such that 

j n (v) = z, 

since j n is an isomorphism. By the divisibility of Uo(M m r n \(A)/CU(M m r n \), there is u G 
M m ( n ) (^4 ) such that 

As above, 

»n(«) = H n )jn{v) = z. 
surjective. It follows tl 
also an isomorphism. One then concludes that V"\u (A)/CU(A) is an isomorphism. 



So «^|c/ (Af m(n) (A))/cc/(A/ m{n) (^)) is a surjective. It follows that il !OO \u (M m(n) (A))/CU(M mCn) {A)) is 

□ 



Lemma 11.3. Let A and B be two unital separable simple C* -algebras with TR(A) < 1. Let 
ip : A — > B be an isomorphism and let f3 : B ® Mp — > B <g> Mp be an automorphism such that 
= idx-^BgjAfp) for some supernatural number p of infinite type. Then 

^{U{A)/CU(A)) = ( i p )\U(A)/CU(A)) = U(B)/CU(B), 

where (po = i o ip, ip = (3 o i o ip and where i : B — ► B (g) M p is defined by i(b) = b <g> 1 
for all b G B. Moreover there is an isomorphism n : U{B)/CU{B) — > U(B)/CU(B) with 
H(U Q (B)/CU(B)) C U q (B)/CU(B) such that 

i x o fx o = iff* and qi o [i = qy, 
where q\ : U(B)/CU(B) — > K\(B) is the quotient map. 
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Proof. Since ip*i is an isomorphism and /3*i = '^dK 1 (B^M p )7 we have that 

(^)*i(iTi(A)) = (^ )*i(ifi(A)). (e 11.246) 

Moreover, ker(i o ip)*i = ker(? o ip)^. 

Let : [7(5 © M p )/CU{B © M p ) -> K X (B © M p ) and ^' : U{A)/CU{A) -» Ki(A) be the 
quotient maps. Define G = ((^>o)*i(-Ki(^)))- 

It follows from 111/21 that 

(V0*(£/o(A)/C£/(A)) = [/ (5 ® M p )/CU(B ® M„) = (^(CM^/Ct^A)). (e 11.247) 
Considering the following diagram: 

-> C/ (A)/CC/(^) -» U{A)/CU{A) -» Ki(A) 

-> U (B®M p )/CU(B®M p ) -> G -» (p )*i(#i(^)) 

Combining this with (|e 11.247p . we have that 

^([/(A)/CC/(A)) c (^ Q )t(C/(A)/CC7(^)). 

We then conclude that 

V>*(tf(A)/Cl7(A)) = (^ Q )t(C/(A)/C[/(^)). 

Furthermore, we also have 

g£ o (fl = ((po)^ o q'{ and q[ o (V>) f = V*i o (e 11.248) 

It follows from Lemma 6.6 that Uq(A)/CU(A) is divisible. There is an injective homomorphism 
8\ : Ki(A) — > U(A)/CU(A) such that q'{ o 5i = id^M) is the quotient map and we write 

U(A)/CU(A) = U (A)/CU(A) © S^K^A)). 

We also have an injective homomorphism 62 ■ K\{B) — ► U(B)/CU(B) such that qioSi = idx^B) 
and we write 

U{B)/CU{B) = U (B)/CU{B) © 8 2 {K l {B)). 

We also have an injective homomorphism 63 : K\(B © M p ) — > U(B © M p ) / CU {B © M p ) such 
that q[oS 3 = id Kl ( Bt2)Mf y Note that 

q[ o o (id [7(B )/ c . c/(B ) - <5 2 o gi) = and q[ o = ^ o g x . 

We also have 

= ato<5 2 . (e 11.249) 

It follows that 

G = U ({B ® M p )/CU(B <g> Af„) © »* o <5 2 o 0)* a o tf{(U(A)/CU(A)). 

Let 

J = (^koC^M^/CC/^Mp))" 1 = ^o(5 8) M p )/CU(B © M p ) - U (B)/CU(B). 
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Define /3*'° : U(B)/CU{B) -> U Q (B)/CU{B) by 

/3*>° = j o (/3* o i* - <5 3 o q [ 0/3*0 ^ ^ ). (e 11.250) 

Note that /9*' |[/ ( B )/(7£/(s) = j°/#°**|i*,(B)/Ctf(B), since £* maps U (B)/CU(B) to U (B)/CU(B). 
Thus 

/3*.° o^=jo (/3* o «* o ^* - J 3 o 4 X o /3* o i* o tp$). (e 11.251) 
Define ft : U{B)/CU{B) -> U{B)/CU{B) by 

;i = <y 2 o ft + /3*' . (e 11.252) 

We compute that 

«* o |U o yj* = z* o ^2 o o c^* + i* o o (p* (e 11.253) 

= z* o 5 2 o v?*i o (e 11.254) 

+/3* o »* o <p* - <5 3 o ^ o /3* o «* o f^* (e 11.255) 

= i+ o <5 2 o ^ o (e 11.256) 

+/3 :(: o z* o c^* - £ 3 o /J,! o i tl o ( / 9 itl o (e 11.257) 

= i'o^o^o^' (e 11.258) 

+/3* o t* o y?* — S3 o 1^1 o ip^i o (e 11.259) 

= /3*o?t o^* = ^*. (e 11.260) 

Moreover, 

?1 M = 91 $2 Ql + 91 /?*'° = <?l- 

Since m|[/o (B)/C?l/(B) an d qi HfeC^fBVCC^B)) are both isomorphisms, one checks that fi is an 
isomorphism. 

□ 

Lemma 11.4. Let A and let B be two unital simple amenable C* -algebras inN with TR(A) < 1 
and TR(B) < 1. Suppose that <f\,<p2 '■ A — > B are two isomorphisms such that [ip\] = [922] in 
KK(A, B). Then there exists an automorphism (3 : B — > B such that [f3] = [ids] in KK(B, B) 
and f3oip2 is asymptotically unitarily equivalent to ip\. Moreover, if H\(Kq(A), K\(B)) = Ki(B), 
they are strongly asymptotically unitarily equivalent. 

Proof. It follows from 19.81 that there is an automorphism /3i : B — > B satisfying the following: 

[/3i] = [ids] in KK(B,B), (e 11.261) 

/3* = <p{ o (y,- 1 ))* and (/3i) r = (^)t o (^ 2 ) t 1 . (e 11.262) 

By 19.101 there is automorphism (3 2 € Aut(B) such that 

[/3 2 ] = [id B ] in KK(B, B), (e 11.263) 

/3* = id|, (/3 2 ) r = (id B )r and (e 11.264) 

Rid B ,p 2 = -R<p u Pi°<P2 (<P2)*i- (e 11.265) 
Put [3 = /3 2 o /3i. It follows that 

[0 o p 2 ] = [^1] in KK(A, B), (e 11.266) 

(/? ^2)* = Pi and (/3 o ^ 2 )r = {<Pi)t- (e 11.267) 
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Moreover, by 197 

R(p 1 ,/3otp 2 = Rid B ,/3 2 ° K^)*! + R(pi,PiO(p 2 (e 11.268) 

= (-^.fto^ o {ip 2 )~i) o (cp 2 )*i + RpuPtow = 0- (e 11.269) 

It follows from 19.81 that (3 o p 2 and <p\ are asymptotically unitarily equivalent. 

In the case that H\{Kq{A) , K\(B)) = Ki(B), it follows from [10751 that o (p 2 and <p\ are 
strongly asymptotically unitarily equivalent. 

□ 

Lemma 11.5. Let A and let B be two unital simple amenable C* -algebra inN with TR(A), TR(B) < 
1 and let ip : A — > B be an isomorphism. Suppose that (3 G Aut(B ® Mp) for which 

[(3] = [id B ® Mp ] m KK{B ® M p , B tg> M p ) and f3 T = (id B0Mp ) T 

for some supernatural number p of infinite type. 

Then there exists an automorphism a G Aut(B) with [a] = [ids] in KK(B,B) such that 
1 o a o p> and (3 o 1 o ip are asymptotically unitarily equivalent, where 1 : B — > B ® Mp is defined 
by i(b) = b <g> 1 for all b G 5. 

Proof. It follows from [TTTBI that there is an isomorphism fi : U{B)/CU{B) — > U{B)/CU{B) 
such that 

O ^1 O = (,8 O ! o ^j)*. 

Note that : T(B (8) Mp) — > T{B) is an affine homeomorphism. 

It follows from 19.81 that there is an automorphism a : B — > S such that 

[a] = [id B ] in KK(B,B), (e 11.270) 

a+ = //, a T = ((3 o % o (/ j) T o ((« o ^)r) _1 = (id^Mp )r and (e 11.271) 

(<P~i(x))(it(t)) for all x G ifi(A) (e 11.272) 

and for all r G T(B). 

Denote by ip = 1 o a o (p. Then we have, by [97 



[ip] = [1 o <p] = \p o 1 o 99] in 5 Mp) (e 11.273) 

= 2*0^0^ = ((3 010 tpf, (e 11.274) 

ipT = {1 o a o = (jo (^) t = (/3 o % o c^) T . (e 11.275) 



Moreover, for any x G Ki(A) and r G T{B <g) M p ) (by [9771) 

(x)(r) + i? voa o i/?*i(x)(r) (e 11.276) 

(x)(r) + i2 idBll oa V*i(a ; )(v 1 ( r )) (e 11.277) 

= R/3oio<p,to<p(x)(T) - Rpoio<p,io<p(<P*l)('P*l(x))(T) = (e 11.278) 

It follows from 19.81 that loaoi^ and (3 o io p are asymptotically unitarily equivalent. 

□ 

11.6. Let A be a unital separable simple C*-algebra. By the Elliott invariant we mean the 
6-tuple: 

Ell(A) = (K (A),K (A) + ,[l A ] 1 K 1 (A),T(A),p A ), 
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where pa ■ T(A) — ► S\x\(Ko(A)) (where S\x\(Kq(A)) is the state space of Kq(A)) is a surjective 
affine continuous map such that Pa(t)(\p\) = t(p) for any projection p £ ^4 (g /C. 

Let -B be another unital separable simple C*-algebra. We say that there is an isomorphism 

T : Ell(A) -» Ell(B) 

if there is an order isomorphism kq : (Kq(A), Kq(A) + , [I a]) — ► (Kq(B), Kq(B)+, [Is]), there is 
an isomorphism kx ■ K\(A) — > K\{B) and there is an affine homeomorphism p : T(A) — > T{B) 
for which 

^ 1 (r)(p)=PB(r)(K (b])) 
for all projection p G M^(A) (for all > 1) and all tracial states r E T(B). 

Theorem 11.7. Xei A and B be two unital separable simple C* -algebras in N '. Suppose that 
there is an isomorphism 

r : Ell(A) -> 

Suppose that, for some pair of relatively prime supernatural numbers p and q of infinite type such 
thatMp^M^ °* Q, TR{A®M p ) < 1, TR(B®M p ) < 1, Ti?(A(gM q ) < 1 and TR(B ® M q )) < 1. 
T/ten, 

Proof. Note that T induces an isomorphism 

T p : Ell(A M p ) -> MZ(B <g> M„). 

Since Ti2(A(gMp) < 1 and TR{B®Mp) < 1, by Theorem 10.10 of |31| . there is an isomorphism 
(fp : A (g) Mp B <g> Mp. Moreover, (by the proof of Theorem 10.4 of [31]), tpp carries Tp. For 
exactly the same reason, T induces an isomorphism 

T q : Ell(A Af q ) -> Ell(B <g> M q ) 

and there is an isomorphism ip* : A g> M q — > S (g M q which induces T q . 

Put = v? p (g) id A/q :A<g)Q->.B!g><2and?/> = '0 q <g> idA/ p : -4 ® Q -> S (g Q. 
Note that 

(<p)*i = (V>)« (i = 0, 1) and <p T = tpr- 

(they are induced by T). Note that tpT and tpT are affine homeomorphisms. Since K*i(B g) Q) 
is divisible, we in fact have [tp] = [if)] (in KK(A® Q,B ® Q)). It follows from 111.41 that there is 
an automorphism (5:B®Q^B®Q such that 

[/?] = [id B0Q ] KK{B®Q,B®Q) 

as well as 93 and (3 o ip are asymptotically unitarily equivalent. Since K\(B (g Q) is divisible, 
ffi^ifoC^® Q)> K\{B(&Q)) = K\(B(&Q). It follows that </? and /3o^ are strongly asymptotically 
unitarily equivalent. Note also in this case 

Pt = (id-B®Q)T- 

Let 1 : B ® M q B Q defined by z(6) = 6 (g 1 for b £ B. We consider the pair f3 o 1 o ip q 
and 10 ip„. By applying 111.51 there exists an automorphism a : B (g M q — ► 5 (g) M q such that 
z o a o ^/> q and /? o z o ip q are asymptotically unitarily equivalent (in M{B ® Q)). So they are 
strongly asymptotically unitarily equivalent. Moreover, 

H = [id B0Mq ] in iTir(B ® M q , S <g> M q ). 



45 



We will show that (3 o ip and a o ip^ (8 idj^ are strongly asymptotically unitarily equivalent. 
Define fix = o % o ^ q ® id Afp : 5 (2) Q (8) M p -> B (8 Q M p . Let j : Q -> Q (8) M p defined 
by jib) = b (8) 1. There is an isomorphism s : M p — > M p (8 M p with (idM, <8> s)*o = j*0- In this 
case [idM q <8> s] = [j]. Since ifi(M p ) = 0. By 17.21 idM q <8 s is strongly asymptotically uniatrily 
equivalent to j. It follows that ao^8 id^p and (3 o ? o -0 q idM p are strongly asymptotically 
unitarily equivalent. Consider the C*-subalgebra C = /3 o ip(l® M p ) ® M p C B®Q® M p . In C, 
/3 o y|i®Mi, and jo are strongly asymptotically unitarily equivalent, where jo : M p — > C is defined 
by jo(a) = l<8a for all a G M p . There exists a continuous path of unitaries {t> (t) : t G [0, oo)} C C 
such that 

lim ad v(t) o (3 o </j(l (8 a) = 1 (8 a for all a G M p . (e 11.279) 

It follows that (3 o ip and /3i are strongly asymptotically unitarily equivalent. Therefore (3 o if) 
and a o ® idjvfp are strongly asymptotically unitarily equivalent. Finally, we conclude that 
ol o ipn (8 id p and ip are strongly asymptotically unitarily equivalent. Note that a o %jj„ is an 
isomorphism which induces T q . 

Let {u(t) : t G [0, 1)} be a continuous path of unitaries in B (8 Q with it(0) = 1b®q such that 

lim adu(t) o y?(a) = ao^g idM (a) for all a 6 

One then obtains a unitary suspended isomorphism which lifts V along Z p ^ (see |50|). It follows 
from Theorem 7.1 of [50] that A® Z and B ® Z are isomorphic. 

□ 

Definition 11.8. Denote by A the class of those unital simple C*-algebras A in N for which 
TR{A (8 M p ) < 1 for any supernatural number p of infinite type. 

Of course A contains all unital simple amenable C*-algebras with tracial rank no more than 
one which satisfy the UCT. It contains the Jiang-Su algebra Z. It is also known to contain all 
unital simple C*-algebras which are locally type I with unique tracial state. Moreover, it contains 
all unital simple Z-stable ASH-algebras A such that T(A) = S^(Kq(A)), where S^(Kq(A)) is 
the state space of Kq(A). In these three cases, the tensor products of these unital simple C*- 
algebras with any infinite dimensional UHF-algebras actually have tracial rank zero (see |50j 
and |35j). 

There are of course unital simple C*-algebras A for which A (8 M p has tracial rank one (not 
zero). For example, all unital simple AH-algebras have this property. The following corollary 
states that C*-algebras in A can be classified up to -Z-stabfy isomorphism by their Elliott 
invariant. 

Corollary 11.9. Let A and B be two C* -algebras in A. Then A® Z = B (8 Z if and only if 
Ell{A®Z) ^Ell(B®Z). 

Proof. This follows from 1 1 1 .71 immediately. 

□ 

Theorem 11.10. (i) Every unital hereditary C* -subalgebra of a C* -algebra in A is in A; 

(ii) If A £ A, then M n (A) G A for integer n > 1; 

(iii) If A £ A, then A (8 Z G A; 

(iv) If A and B are in A, then A (8 B G A, and 

(v) If {A n } C A and A = lim n ^ 00 (A n , tp n ), then A £ A, 

(vi) Every unital simple AH-algebra is in A. 
(v) Z G A. 
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Proof, (i) Let A G A. Then, for any supernatural number p, TR(A (8 M p ) < 1. Let p G A be a 
projection. Then pAp (8 M p is a unital hereditary C*-subalgebra of A (8 Mp. Therefore, by 5.3 
of [20], TR(pAp <8 M p ) < 1. Thus MP G A 

(v) Suppose that A„ G .4 and A = lim n ^ 00 (yl ri , c/?„) and p is a supernatural number. Then 
Ti?(A n (8) M p ) < 1. It follows that TR(A <8 M p ) < 1. 

(iv) . Suppose that A, B G A and suppose that p is a supernatural number. Note that 
Mp ^ Mp (8) Mp. It follows that 

(4 ® B) ® Mp = (A (g> Mp) 0(5® Mp). 

Since Ti?(A ® M p ) < 1 and TR(B (8 M p ) < 1, by 10.10 and 10.9 of [31J, A (8 M p and B (8 M p are 
unital simple AH-algebra with no dimension growth. It is easy to see that {A (8) M p ) (8 (B (8 M p ) 
is also a unital simple AH-algebra with no dimension growth. It follows that (A<giB) <8M p G A. 
(iii) Note that M n , Z G A. Thus (iii) follows from (iv). 

(vi) Suppose that A is a unital simple AH-algebra. Then it is easy to see that A (8 M p has 
very slow dimension growth (in the sense of Gong) for any supernatural numbers p. It follows 
from Theorem 2.5 of [31j that TR(A (8 M p ) < 1. 

(v) Z G A follows from the fact that Z®Mp is approximately divisible and whose projections 
separate the traces. In fact that Z <8> M p has tracial rank zero. 

□ 

Corollary 11.11. Let A and B be two unital simple AH-algebras. Then A <£> Z = B (8 Z if 
Ell{A®Z) ^Ell(B®Z). 

Proof. This follows from (vi) of 1 1 1 . 1 1 and 1 1 1 . 91 immediately. 

□ 

One may compare the following with Theorem 3.4 of [48J. 

Corollary 11.12. Let A be a unital simple infinite dimensional AH-algebra. Then the following 
are equivalent: 

(1) A is Z-stable, 

(2) A is approximately divisible, 

(3) TR(A) < 1, 

(4) A is isomorphic to a unital simple AH-algebra with very slow dimension growth, 

(5) A is isomorphic to a unital simple AH-algebra with no dimension growth. 

Proof. The implication (5) to (4) follows from the definition. That (2) implies (1) follows from 
Theorem 2.3 of |47j . and that (4) implies (3) was proved in Theorem 2.5 of [31] . By [9J, (5) 
implies (2). It follows from Theorem 10.10 of [31] that (3) implies (5). It remains to show that 
(1) implies (5). 

Let A be a unital simple AH-algebra which is ^-stable. Then, by Theorem 3.6 of [47] . 
there is a unital simple AH-algebra B with no dimension growth such that Ell(A) = Ell(B). It 
follows from the implication that (5) implies (2) and that (2) implies (1) that B is also ^-stable. 
Therefore, by 1 1 1 . 1 1 1 A = B. Consequently, (1) implies (5). 

□ 

Corollary 11.13. Let A be a unital simple infinite dimensional AH-algebra. Then A® Z is 
isomorphic to a unital simple AH-algebra with no dimension growth. 

Proof. The proof of this is contained in the proof of the implication from (1) to (5). □ 
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11.14. It is known that all unital simple ASH-algebras A whose projections separate the traces 
are in A (see |50j). In fact, in this case, A (g> M p has tracial rank zero (see |50j). Moreover, 
any unital simple C*-algebra with unique tracial state which is an inductive limit of type I 
C*-algebras is in A (see also [35]). In a subsequent paper (|40|). we will show that all unital 
simple inductive limits of dimension drop algebras studied by Jiang and Su ([IE]), as well as 
those unital simple inductive limits of dimension drop circle algebras studied in |42j are in A. 
These give examples of unital simple C*-algebras A for which A ® M p has tracial rank one but 
not zero. Other unital simple ASH-algebras whose K^-groups are not Riesz groups are also 
shown to be in A. The range of invariants of A will be discussed. 
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